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* These notes were created during my review process to aid my own understanding and
not written for the purpose of instruction. I originally wrote them only for myself, and they
may contain typos and errors®. No professor has verified or confirmed the accuracy of these
notes. With that said, I’ve decided to share these notes on the off chance they are helpful to
anyone else.

%Any corrections are greatly appreciated.

§1 September 7, 2023
81.1 Metric spaces

Definition 1.1 (Metric Space) A metric space is a nonempty set X together with a mapping
d: X x X - R =]0,00) with the properties:

1. d(z,y)=0ifand onlyif z =y (z,y € X)

2. d(z,y) =d(y,x) for all z,y € X

3. d(z,2) < d(z,y)+d(y, z) for all z,y,z € X

Example 1.2 (Natural Metric). Let X be any nonempty set of real numbers and define d by
d((E,y):L’E—y‘, .’E,yGX.

This is the usual definition of distance between two points.

Proof. To prove that this is a metric, we need to show that d(x,y) satisfies the three metric
properties (M1, M2, and M3).

1. Non-negativity and Identity of Indiscernibles (M1):

We have d(z,y) = |z —y| > 0 for all z,y € X. Furthermore, d(x,y) = 0 if and only if x = y.
2. Symmetry (M2):

d(z,y) =z —y| =y —z| = d(y,x) for all x,y € X.
3. Triangle Inequality (M3):

d(z,z) = |z — 2|

<lz—yl+ly— 2|
=d(z,y) +d(y,z) for all z,y,z € X.

O

Example 1.3 (Distance in R?). Let X be any nonempty set of points in the plane (so X may
be considered as a subset of R?) and define d by

d(z,y) = V(w1 — 1) + (22 — 12)?,
where z = (21, z2) and y = (y1,y2) are any two points of X.

Proof. To prove that d(z,y) is a metric, we need to verify that it satisfies the three metric
properties (M1, M2, and M3).

1. Non-negativity and Identity of Indiscernibles (M1):
Note that (z1 —y1)? > 0 and (22 — y2)? > 0 for all x,y € X. Thus,

d(z,y) = (x1 —11)> + (22 — y2)* > 0.

Furthermore, d(x,y) = 0 if and only if 1 = y; and xs = yo, which implies z = y.
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2. Symmetry (M2): is obvious.

3. Triangle Inequality (M3):

Definition 1.4 In a metric space (X, d), an open ball of radius r centered at a point a is
defined as the set of all points  in X such that d(z,a) < r. Formally, the open ball B(a,r)
is given by

B(a,r) ={z € X | d(z,a) < r}.

Definition 1.5 In a metric space (X, d), an closed ball of radius r centered at a point a is
defined as the set of all points  in X such that d(z,a) < r.

B(a), ={z € X | d(z,a) <r}.

Example 1.6. We can define an alternative metric d’ on the same set X = R? as follows:

d/(fb“a y) = max{|ry — y1, [r2 — yal}.

This metric d’ has a different interpretation compared to the Euclidean metric. In d’, the distance
between two points = and y is defined as the maximum of the absolute differences of their
respective coordinates. This is often referred to as the Chebyshev distance or Lo, metric, and it
essentially measures the ”greatest single axis” distance between two points.

Proof.
(M1): d'(z,y) =0 <= |z1—w1| =0and |[z2 —y2| =0 <= 1 =y1 and 22 —y2 =0
(M2): Obvious.
O

Example 1.7 (Euclidean metric). Let X be any nonempty subset of R™, meaning that X consists
of ordered n-tuples of real numbers. We define the distance d between any two points x and y in
X by

d(z,y) =

where z = (21,22, ...,z,) and y = (y1,y2, . - .

* This mapping d is commonly known as the Euclidean metric for such a set X. Henceforth, when we refer
to the metric space R™ (as opposed to merely the set R™), we imply that the metric space (X, d) of this
example is being considered with X = R™. In other words, any reference to the metric space R™ will always
imply that the Euclidean metric is being used.

The term Fuclidean space is often used synonymously with the metric space R"™.

Theorem 1.8 (Cauchy-Schwarz Inequality) — For any points a = (a1,as,...,a,) and
b = (b1,ba,...,b,) in R™, the following inequality holds:

(E) < (89) (£




Proof. To prove the Cauchy—Schwarz Inequality, we introduce the function ¢ (u) defined by

P(u) =Y (aru+bi)*.
k=

1

It is evident that v(u) is a quadratic form in u, having the general form Au? + 2Bu + C.
Being a sum of squares, ¢ (u) is non-negative for all u, i.e., ¥»(u) > 0. Hence, the discriminant
of this quadratic form, (2B)? — 4AC, cannot be positive.
Dividing the discriminant by 4, we have

(2B)?
4

which proves the Cauchy—Schwarz Inequality.

—AC =B%-AC<0.

This can be rewritten as

We can use this inequality as a foundation for other inequalities and results in real analysis
and vector spaces.

O

Theorem 1.9 — For any points a = (ay,az,...,a,) and b = (by,ba,...,b,) in R™, we have

the following inequality:

(Z(ak +bk)2> < (Z ai) + (Z bi) :
k=1 k=1 k=1
Proof. Taking the square roots of both sides of the Cauchy—Schwarz inequality gives:
(3t) (35) = [3ooum
k=1 k=1 k=1

O

Example 1.10 (/P-metric on R™). The L? metric, also known as the L? distance, is defined
for p > 1 and provides a generalized notion of distance between points in R™. For two points
z = (1,22,...,2y) and y = (y1,%2,...,Yn), the L? distance d,(x,y) is defined as:

n 1/p
o= ()"
k=1

Proof. The verification (M3) is difficult requires the Holder inequality. O
Example 1.11 (I*°—metric on R™). The L* metric, also known as the Chebyshev distance or
infinity norm, is defined for points = = (z1,22,...,2,) and y = (Y1, Y2, ..., ¥Yn) in R™ as:
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Definition 1.12 (I space) The ¢5 space is a vector space consisting of all sequences = =
(21, 22,3, ...) of real or complex numbers for which the ¢5 norm is finite. The ¢ norm ||z||2

is defined as:
o 1/2
zll2 = (Z |$n2> < oo.
n=1

b2

A sequence is in /5 if it is "square-summable,
elements is finite.

A natural metric on the ¢5 space can be defined using the £5 norm. Given two sequences
x = (x1,x2,23,...) and y = (y1,Y2,¥s,...) in £, the distance d(x,y) between x and y is

defined as:
o 1/2
d(z,y) = |lz —yll2 = (Z |zn —yn|2> ~

n=1

meaning that the sum of the squares of its

This metric is well-defined because the sequences xz and y are both in ¢35, making their ¢y
norms and the distance d(z,y) finite.

Definition 1.13 (I, space) The ¢P space is a generalization of the £? space and consists of
all sequences « = (x1, x2, T3, ...) of real or complex numbers for which the ¢ norm is finite.
The ¢? norm ||z||, is defined as:

&9 1/p
lzllp = <Z |$n|p> < 00,

n=1

where 1 < p < co. A metric dj, on the £* space can be naturally defined using the ¢” norm.
For two sequences x and y in ¢P, the distance dp(z,y) is:

0o 1/p
dp(.%‘,y) = <Z |xn - yn|p> o
n=1

Example 1.14. For the space Cla, b], consisting of all continuous functions defined on the interval
[a,b], the uniform metric d is defined as follows. Given two functions f and g in Cfa,b], the
distance d(f, g) between f and g is:

d(f,g) = sup |f(z)—g(z)|.

z€la,b]
Here, sup denotes the supremum, or the least upper bound, of the set {|f(z) — g(x)| : = € [a, b]}.

Example 1.15. The C'[a, b] space consists of all functions that are continuously differentiable
on the closed interval [a,b]. A common metric d used in C[a,b] is the C! metric, defined as
follows. Given two functions f and g in C'[a,b], the distance d(f, g) between f and g is:

d(f,9) = sup |f(z) —g(z)|+ sup [f'(x) — g ().

z€[a,b] z€la,b]

This metric sums the uniform distance between the functions f and g and the uniform distance
between their first derivatives f’ and ¢'.
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§2.1 Examples of metric spaces

Another metric for the set R™ is the mapping d;, where
n
di(z,y) =Y |z — yil-
k=1

This also reduces to the metric of Example (1) when n = 1.
Both the Euclidean metric and the metric d; just defined are special cases of the metric d,,,

where .
dp(2,y) = (Z |2k — ykl”) ;
k=1

with p > 1. The verification of (M3) for this mapping for general values of p requires a discussion
of the Holder inequality and the Minkowski inequality.
(6) A third metric for the set R™ is given by the mapping d.., where

doo(z,y) = Jax. |Te — yil.

When n = 1, we again obtain the metric of Example (1), while when n = 2 we obtain that of
Example (3). The method of Example (3) is used in showing that d., is a metric.

§2.2 Holder and Minkowski inequalities

1

Example 2.1. Let X =R™ and d,(z,y) = (3 p_, |2k — y&[P)? for p > 1.

To prove (M3), we use:
n n P n H
Zakbk < <Z|ak|p> : <Z|bk|q>
k=1 k=1 k=1

Holder inequality
where % + é =1 (extension of Cauchy-Schwarz inequation).

3=

Goal: Prove inequality:

n % n % n %
<Z lar + bk|p> < (Z |ak|p> + (Z |bk|p> (Minkowski)
k=1 k=1 k=1
Then (M3) follows taking ay = xp — yr and by = yr — 2.
Exercise: Check this. (Hint: Look at case p = 2, last time)
Proof. Proof of (1):

n
D arbe
k=1

p
= Jaby |ar + 0k~ < (lax| + [be]) |ax + bp "~

n P n
_ 1 1
< ( E |a;€|p> . ( E |ay, + bi|® 1)q> by Holder’s inequality with — + = =1
p q
k=1 k=1

Taking the sum of the previous two inequalities, we get:

> labi|? < <Z|ak|p> + <Z|bk|1’>
k=1 k=1 k=1

1
P
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Also, we know that:

n n
> lak + bel” <> (lag] + [br])ak + bk~
j— k:

Hence, combining the last two inequalities:

1
S g+ P < (zak+w> . (
k=1 k=1

n P

(lax|” + Ibkl”)>

k=1

1 1
< (Z a/gp> + <Z |bk|p> by Minkowski’s inequality
k=1

k=1

§2.3 /,-spaces

Definition 2.2 Let 5 be the set of sequences x = {xy }r>1 with z; € C for all k > 1 such
that Y72 | |zx]? < co. We define

d(as,y) =

S [k — el

k=1

where = {z}r>1 and y = {yi tr>1-

Lemma 2.3 — We justify that it makes sense to define \/>_ -, |zx — yx|? as a metric by
proving:

a) d(z,y) < oo for all z,y € £5.
b) d(z,z) < d(x,y) + d(y, 2) for all z,y, z € ls.

Proof.  a) If |z, — yi| < |zx| + |ykl, then |zx — yxl? < (|ok| + |yk])? for any k = 1,...,n, for
any n > 1 fixed. We take the sum for all £ =1,...,n and then square root.

n

ZL’% —ykl* < Z (2] + lyxl)?

k=1 k=1

3

3

n
<D ekl + |yk|?
k=1

for any n > 1 by Minkowski’s inequality (p=2).

Hence Y p_, |zx —ye|* < M? < oo forallm > 1, and Y oo, |z — yxl? < M2
So d(z,y) = /> pey 26 — yp]? < M < 0.

b) |xr — zk| = |¥r — yx + yr — 2k|. Take the square |z — 2x|? < (Jok — yx| + |yx — 2x])?. Take
the sum for k = 1,...,n, then the square root. We get:

n

n
Z |z — 2i]? < Z(|$k = Ykl + ye — 2])?
k=1

k=1



n n
<UDl = w2+ D Tk — 2l
k=1 k=1

for any n > 1 by Minkowski’s inequality (p=2).
Then, taking n — oo we get:
d(x, 2) < d(z,y) + d(y, z)
O

Remark 2.4. Let £, be the set of all sequences z = {x, }x>1 with zj, € C such that Y ;= |zx|P <
oco. If p > 1, we define

d(z,y) = (Z |z — yk|p>
k=1

where = {zy}x>1 and y = {yx}x>1. Then d is a distance on ¢, (Exercise).

Remark 2.5. If p € (0,1), we define

oo

d(a,y) =3 lox — pel?

k=1
This is also a distance. (M3) is verified using another inequality:
|a+b[" < [af” + [b]”

for any a,b € R (sub-additivity) if p € (0, 1).
Replacement for Minkowski inequality is:

n n n
D lak+ bl < 3 larl” 4+ bel”
k=1 k=1 k=1

Remark 2.6. Let {, be the space of sequences © = {zy}r>2, with x; € C, such that {x;} is
bounded, i.e., IM > 0 such that || < M for all £ > 1. We define

d(z,y) = sup \xk - ykl

E>1
Exercise: check that d is a distance on /.
Example 2.7. Let X = C. Consider the distance function d(z,y) = %, which is
v (1+z]2) (1+]y]?)
called the chordal distance.
Proof. The proof that d is a distance is omitted. O

Example 2.8. Let X = Cla,b] where Cla,b] = {f : [a,b] — R | f is continuous}. Recall
(MAT2125) that a function f : [a,b] — R is continuous at zq € [a, ] if for every € > 0 there exists
0 > 0 such that for all z € (zg — 6, z9 + ) we have |f(z) — f(xo)| < ¢, ie., |z —ax0| <. fis
continuous on [a, b] if f is continuous at every z € [a, b].

Observation: If f is continuous at xo then lim, ., f(z) = f(zo).

Let d(f,g) = maxc(qp | f(t) — g(t)|. Note: |z —y| is a continuous function on [a, b], and [a, b] is
compact, hence the maximum is attained, and d is well-defined. d is called the uniform metric.
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§3 September 14, 2023

§3.1 Examples of Metric Spaces - Continued
Example 3.1. Let X = C[a,b] and define d(f, g) = max,e[qp) | f () — g(t)|.

Proof. We will prove that this is indeed a metric:

(M1) z =y = d(xz,y) =0.
Assume d(z,y) = 0. We want to show that = y. Assume there exists tg € [a, b] such that
x(to) # y(to). Then d(z,y) = max,e(qp) [2(t) — y(t)| > |z(to) — y(to)| > 0, which gives a
contradiction.

(M2) d(x,y) = d(y,z) (clear) since |x(t) — y(t)| = |y(¢t) — z(t)| for all t € [a, b)].

(M3) |z(t) — z(t)| < |x(t) —y(t)| + |y(t) — 2(¢)|. Then, taking the maximum, we obtain: d(z, z) <
d(z,y) + d(y, 2).
O

Example 3.2. Let X = C[a,b] and define a metric on X by

b
dlz,y) = / ja(t) — ()] dr.

Proof. We check that the metric axioms (M1)—-(M3) hold.

1. (M1) If = y then d(x,y) = 0. Assume that d(z,y) = 0. We show that z = y. Assume
that there exists tg € [a, b] such that x(to) # y(to). Let f = |z — y|, clearly f is continuous.
Hence for every € > 0, there exists § > 0 such that

[f(t) = fto)| <€

for all ¢ such that |t — tg| < 0. This is equivalent to: f(to) — e < f(t) < f(to) + &. Taking
€= —f(é()), then

for t € (to — 0,t9 + 0), and hence

to+9d
d(z,y) Z/t_: (t) — y(t)|dt > 25f(;°) >0,

which is a contradiction.
2. (M2) is clear.
3. (M3): |z(t) — z(t)| < |z(t) — y(t)| + |y(t) — z(¢)| for all t € [a,b]. Hence

b b b
/ ja(t) — 2(t)] dt < / 2(t) — y(0)] dt + / ly(t) — (b)) dt

This proves that d(z, z) < d(x,y) + d(y, 2).

Example 3.3. Let X = C[a,b] and define a metric on X by

b
d(z,y) = ( / (x(t) — (1))’ dt)

In verifying (M1), the same note as in Example (12) is relevant. For the triangle inequality, an
integral version of the Cauchy—Schwarz inequality must first be obtained. See Exercise 2.4(6).
We will denote this metric space by Csla, b].

2

10



11

Proof notes. The proof for d, being a metric is omitted; it uses:
b b v (b b
o Holder's inequality: [”|f(t)g(t)] dt < ( I f(t)|pdt) ’ ( I |g(t)|th) " where L+ 1 =1.

e Minkowski’s inequality: (f; |f(t)+ g(t)|P dt)% < (fab [f ()P dt)% + (fab lg(®)|P dt)i.
O

Example 3.4. Our final example shows that a metric may be defined for any nonempty set X,
without any specification as to the nature of its elements. We define d by

d(z,y) = 0, ifx=y,
S R

where z,y € X. It is a simple matter to check that (M1), (M2) and (M3) are satisfied. This
metric is called the discrete metric, or the trivial metric, for X, and serves a useful purpose as
a provider of counterexamples. What is not true in this metric space cannot be true in metric
spaces generally.

§3.2 Convergence in metric spaces

A sequence has been defined as a mapping from N into some set X. If a metric d has been defined
for X, we may speak of sequences in the metric space (X, d).

Definition 3.5 (Convergence) A sequence {x,} in a metric space (X, d) is said to converge
to an element x € X if for any number £ > 0 there exists a positive integer N such that

d(zy,x) <e whenever n > N.

Then z is called the limit of the sequence, and we write x,, — x or lim,,_, o, ©, =  (adding
‘n to oo’ when needed for clarification) ©.

%An alternative way of putting this is to require that the real-valued sequence {dy}, where d,, = d(zp, ),
converge with limit 0. Thus z, — z if and only if d(xn,z) — 0.

Two important points must be noticed about the definition. First, the element = to which the
sequence {z,} in X converges must itself be an element of X. Secondly, the metric by which the
convergence is defined must be the metric of the metric space (X, d): the fact that d(z,,z) — 0
does not imply that d’'(z,,x) — 0, where d’ is a different metric for the same set X.

Observations

1. If X =R, then z,, — « if for every € > 0 there exists N € N such that

|z, — x| <& whenever n > N.
2. x, —  if and only if d(x,,z) — 0.

Remarks

1. The limit = has to be an element of X. For instance, x,, = 1/n does not have a limit in
X =(0,1).

2. If d and d’ are two metrics on X and d(z,,z) — 0, we cannot necessarily conclude that
d(xp,x) — 0.

11
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Example 3.6. Consider the set X = [0, 1] with the standard metric d(z,y) = |z — y|. We define
another metric d’ on X by
1 if
d/(x’y){ 1 x%y7

0 ifz=y.

Let {z,} = L with 2 = 0. Then we have that d(2,,2) = |z, —x| = 2 — 0 as n — co. However,
d(zp,z) =1+ 0asn — .
In particular, d'(z,,x) # 0 even as d(z,,x) — 0.

Proposition 3.7. If {z,} is a convergent sequence, then its limit is unique.

Proof. Suppose that d(z,,z) — 0 and d(z,,y) — 0. We show that z = y.
We hayve:
0 <d(z,y) < d(x,x,) + d(zn, y).

Since d(z,x,) — 0 and d(x,,y) — 0, it follows by the triangle inequality that d(x,y) = 0, hence
x =y by the property (M1) of a metric space. O

Theorem 3.8 — We summarize a few results :

(a) Let p, = (p1,-- -, Tnm) € C™ (or R™) and z = (x1,...,2,) € C™ (or R™). Then

Zn — « in Euclidean distance d(z,y) = \/kazl |xx — yi|? if and only if x,p — zy for
allk=1,...,m.

(b) Let x,, = {Znk tren be an element of lo, i.e., x,; € C for all k € N and Zgozl |Tnr|? <
0o. Let © = {x}ren be an element of £5. If 2, — x in {3, equipped with distance

d(z,y) = /Yreq |Tk — yk|?, then z,;, — x, for all k € N. The converse is not true.

(c) Let {x,} be asequence in Ca,b] and x € Cla,b]. Then z,, — x in Cla, b] equipped with
the distance d(z,y) = max;c[q 5 |2(t) —y(t)| if and only if {2, } converges uniformly to
x, i.e., for every € > 0 there exists N € N such that |z, (t) — z(t)| < € for all ¢ € [a, b]
whenever n > N.

Proof. We have to show that z,, > ¢ < z, — zp forallk=1,...,m.
“=0 < xpk — xk| < \/Z;n:l |20 — 2j]? = d(@n, z). Hence Tpi — @y

“«<” Assume that z,; — zp, for all k = 1,...,m. Then |z, — x> > 0forall k=1,...,m
and hence >° | |Tnk — zx|? — 0. We infer that d(z,, ) = />_j, |[Tnk — zk]2 — 0.

Hence z,, — x in R™ or C™.

Converse is not true, i.e., it is possible to construct a sequence {z,} in ¢s such that x,, — xj
for all k € N, but z,, /4 x in £2 (does not converge to x).

Here is an example:

z1 = (1,0,0,...), z=(0,0,0,...).

Then z,, — xx =0 for all k € N. But d(z,,z) = \/21211 [Tk —zk[2 =14 0.

Notice that |z, (t) — z(t)| < e for all ¢ € [a, b] is equivalent to:

d(xp, x) = maxyc(qp) |20 (t) — z(t)] < e.

Hence {z,} converges uniformly to x = Ve > 0 3N € N such that d(z,,z) < ¢ ¥n > N, which
is equivalent to d(zy,x) — 0. O
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84 September 18, 2023
84.1 Convergence in Metric Spaces - Continued

Definition 4.1 (Cauchy sequence) A sequence {z,} in a metric space (X,d) is a Cauchy
sequence if Ye > 0 IN € N such that

d(xp,xm) <€ Vn,m > N.

Remark 4.2. (Obs.: Th. 1.7.13) In X =R, {x,} converges < {z,} is a Cauchy sequence.

Theorem 4.3 — In any metric space, a convergent sequence is a Cauchy Sequence.

Proof. Let {z,} be a convergent sequence in a metric space (X, d). Let € > 0 be arbitrary. Then
3N € N such that d(x,,z) < 5 Vn > N, where = lim,, ;0 z,, in X. Then Vn,m > N,

d(zy, Tm) < d(zp,x) +d(x, Tm) < % + % =e.

Remark 4.4. The converse is NOT true.

Definition 4.5 (Complete Metric Space) If every Cauchy sequence converges in a metric space,
then the space is said to be complete

Obs 1. R is complete.

Obs 2. Q is not complete. Here is an example of a Cauchy sequence in Q which does not converge
in Q:

Let x,, be the decimal expansion of 7 truncated after the n-th decimal point, for example, 1 = 3.1,
ry = 3.14, x3 = 3.141, etc. We have that |z, — z,,| < 10~V for all n,m > N. The sequence {z,}
is Cauchy since Ve > 0 3N € N such that 107" < e. However, {z,} is not convergent in Q.

Example 4.6. Let X = {5 and consider sequences {z,} such that
21 =(1,0,0,...), x2=1(0,1,0,...), x5=(0,0,1,...),...

Then {z,} is not a Cauchy sequence. By Theorem 2.5.6, {x,} is not convergent.
For n # m,

oo
d(xp, Tm) = Z |Tnke — Tmil? = V2.
k=1

§4.2 Examples on completeness

Example 4.7. R is complete.

Example 4.8. (2) Let (X, d) be the metric space C, consisting of the set of all complex numbers
with the natural metric d(z,y) = | — y| (x,y € C). We will show that C is a complete metric
space. Let {z,} be a Cauchy sequence in C. For each n € N, write x,, = u,, + iv,, where u,, and
v, are real numbers and i = /—1. Because {z,} is a Cauchy sequence, for any £ > 0 there is a
positive integer N such that |z, — z,,| < € when m,n > N. But

[Un — U] = [Re(xn — zm)| < |2n — Tml,

|Un _Um‘ S ‘-rn _mm|7

13
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so {u,} and {v,} are Cauchy sequences in R. Since R is complete, these sequences are
convergent, and we can write lim u,, = v and limv,, = v, say, for some real numbers u,v. Put
x = u+ tw. Then x € C. Furthermore, z = lim x,,, because

0 <d(xpn,x) =|zn— x| = [(Un +iv,) — (w4 )| = |(up —u) +i(v, —0)| < |ty —u|+|v, —v| <e

for any € > 0, provided n is large enough. Hence we have proved that the Cauchy sequence
{z,} is convergent, so C is a complete metric space.

This proof has been written out in full detail. A similar process is followed in Examples (3)
and (5) below. The general technique is to take a Cauchy sequence in the space, postulate a
natural limit for the sequence, show that it is an element of the space, and then verify that it is
indeed the limit.

Example 4.9. The metric space /¢ is complete. Let {z,,} be a Cauchy sequence in ¢5. We
must show that the sequence converges. For each n € N; write z,, = (€1, Zn2,...). By definition
of the space /2, the series Y - | |z,x|? converges for each n. Since {x,} is a Cauchy sequence,
for any € > 0 there is a positive integer N such that

o
Z |$nk — l‘mk|2 <€
k=1

when m,n > N, using the definition of the metric for /5. That is,

o0

2 2
E |k — Tmi|” <e®, m,n > N,
k=1

so we must have

|Tnk — Tmi| <&, m,n > N,

for each k € N. Then, for each k, {2} is a Cauchy sequence in C so lim,,_,o T, exists since
C is complete. Write lim, o0 Znp = 2 and set = (21, 22,...). We will show that = € £y and
that {x,} converges to x. This will then mean that ¢5 is complete. We note first that for any
r=1,2,...,

T

E [Tk fxmk\Z <e?, m,n> N,
k=1

so that, keeping n fixed and using the fact that lim,, ., Tmir = Tk,

T
Z | T — xk|2 <2, n>N,
k=1

by Theorem 1.7.7. For points (ay,as,...,a.), (b1,ba,...,b.),(c1,c2,...,¢.) € C", the triangle
inequality in C" gives us

T I T
Z\ak—ckPg Z|ak—bk|2+ Z|bk—ck|2.
k=1 k=1 k=1

Replacing ax by xk, bx by z,% and c; by 0, we have

T o0
Dkl < Dk — wakl 4 D ekl < e | D lenk]? < e+ /My,
k=1

k=1 k=1 k=1

if n > N. The convergence of the final series here thus implies the convergence of > ro , |zx|?,
so that indeed = € /5. Moreover, an inequality a few lines back shows further that

14



15

o0
Z‘xnkka‘2<€a n> N,
k=1

and this implies that the sequence {z,} converges to x.

Example 4.10. metric spaces R" and C™ are complete. This is easily shown by adapting the
method of Example (3).

The

Example 4.11. The metric space Cla, b] is complete. Let {x,,} be a Cauchy sequence in Cla, b].
Then, for any € > 0, we can find N so that, using the definition of the metric for this space,

t) — t
max [2,(8) = am(0)] < ¢

when m,n > N. Certainly then for each particular ¢ in [a, b] we have

|zn(t) — 2 (t)| <&, m,n >N,

so {z,(t)} is a Cauchy sequence in R. But R is complete, so the sequence {x,(t)} converges
to a real number, which we will write as z(t), for each ¢ in [a,b]. This determines a function z,
defined on [a, b]. In the preceding inequality, fix n (and let m — o0) to give

|z, (t) —z(t)] <&, n>N.

The N here is independent of ¢ in [a, b], so we have shown that the sequence {z, } converges
uniformly on [a,b] to z. Using the theorem that the uniform limit of a sequence of continuous
functions is itself continuous (Theorem 1.10.3), our limit function = must be continuous on [a, b].
That is, x € Cla, b]. Furthermore, uniform convergence on [a, b] is equivalent to convergence in
Cla,b] (Theorem 2.4.3(c)). Thus the Cauchy sequence {z,} converges to x, completing the proof
that Cla, b] is complete.

15
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§5 September 21, 2023

Definition 5.1 (Subspace) Let (X, d) be a metric space and S C X. The restriction of d on
S is defined by:
ds : S x S — R given by dg(z,y) = d(x,y)

(S,ds) is called a subspace of X.

Obs: (5,dg) is a metric space.

Definition 5.2 (Sequentially closed ) S is called sequentially closed if for any sequence {z,}
in S for which x = lim z,, exists in X, we have: z € S.

Obs: If X =R, S C R is sequentially closed if and only if S is closed.
e [a,b] is sequentially closed in R (i.e., S€ is open).

e {z € C||z| < c} is sequentially closed in C.

Theorem 5.3 — Let (X, d) be a metric space and S C X. Then S is complete if and only
if S is sequentially closed.

Proof. ‘=7 Assume that S is complete. We prove that S is sequentially closed. Let {x,} be a
sequence in S such that xz, - =z € X.

By Theorem 2.5.6, {z,} is a Cauchy sequence. Since S is complete, there exists y € S such that
Zn — y. By the uniqueness of the limit, x = y. Since y € S, we infer that z € S. “<” Let {z,}
be a Cauchy sequence in S. Since X is complete, there exists z € X such that lim,, . z, = z.
Since S is sequentially closed, = € S. O

Definition 5.4 Next we define two notions for metric spaces:

(a) The diameter of a set S is:
6(5) = sup{d(z,y) | =,y € S}

(b) S is bounded if S = @ or §(5) < cc.

§5.1 Sequential Continuity

e Let (X,d) and (Y,d') be two metric spaces, and A : X — Y an arbitrary map. We will
denote Az the value assigned by A to point z € X, instead of A(x).

e Let (Z,d"”) be another metric space and §: Y — Z be another map. We write SA instead
of 8o A for the composition map defined by: SA: X — Z, x — B(Ax).

x4y 2Lz
x+— Ar — [Ax

e If A: X — X is a function from X to X, then A2 = Ao A: X — X is the function given
by A%z = A(Ax). In general, by recurrence, we define A" : X — X given by:

Az = A(A" 'z) for all 2 € X

e The identity map is defined by I : X — X, Iz = =x.
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e Associativity: T A: X Y, B:Y - Z,C:Z — W, then

C(BA) = (CB)A

Example 5.5. Let X = R" and Y = R™ for n,m € N. Let A = (a;;) where 1 <i < m and
1<j<n. Then A:R™ — R™ is a map between the two metric spaces X and Y.

Definition 5.6 Let (X, d) and (Y, d’) be two metric spaces. A function A : X — Y is sequen-
tially continuous at point x € X if for any sequence {z,} in X for which lim,,_, =, = z,
{Az,} is also a convergent sequence in Y and lim,_, o, Az, = Az. We say that A is sequen-
tially continuous on X if it is sequentially continuous at every z € X. Usually, we drop the
word “sequentially”.

Example 5.7. Let Cla,b] be the set of all continuous functions on [a,b], endowed with the
uniform distance:

d(f,g) = max [f(t) — g(t)|

t€la,b]

Let A : Cla,b] — R defined by

b
Af:/ f(t)dt, Vf e Cla,b].

We show that A is continuous (in the sense of Definition 3.1.1).

Let {f»} be a sequence in C|[a, b] such that f, — f in the uniform distance, for some f € C[a, b].
We have to show that:
nl;rr;o Af, =Af (in R)
Let € > 0 be arbitrary. Since d(f,, f) — 0, there exists N € N such that d(f,, f) < e for all
n > N. This means that
|Af, — Af| <eforalln > N.

Then Vn > N,

b
/ (Fult) — £(2)) dt

</b6dts(ba) (2)

Using the following inequality:

b
< / FB)dt (3)

/ab £(£) dt

We also used the following inequality:

b b
if f(t) < g(t) vt € [a, b] then / f(t)dt g/ g(t)dt (4)
This proves that Ay, — Ay in R.

17
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§5.2 Contraction mapping and fixed point

A basic question in mathematics is to solve equation A(z) =y. We will learn how to solve this
equation in the format A(z) = x.

Definition 5.8 (Fixed point, contraction) Let (X, d) be a metric space and a map A : X — X.
(a) A point z € X is called a fized point of A if A(x) = z.
(b) The map A is a contraction, if there exists a € (0,1) such that

d(A(z), A(y)) < ad(z,y) Vo,ye X

« 1s called the contraction constant of A.

Remark: Solving the equation A(z) = x is equivalent to finding the fixed points of A.

Theorem 5.9 — If A : X — X is a contraction on a metric space (X,d), then A is
continuous.

Proof. We have to prove that A is (sequentially) continuous at every point x € X. Let € X be
arbitrary, and let {z,} be a sequence in X such that z,, — z. By the contraction property (3)

0 < d(A(zp), A(x)) < ad(xy,x)

By the Squeeze Criterion, d(A(x,), A(z)) — 0. O

Remark 1: Theorem 3.2.2 continues to hold if (3) holds for some « (not necessarily
a € (0,1)).

Remark 2: The converse of Theorem 3.2.2 is not necessarily true; if A: X — X is
continuous, A does not have to be a contraction (example: A =1T).

18
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§6 September 25, 2023
86.1 Fixed Point Theorem

Theorem 6.1 (Fixed Point Theorem) — Every contraction mapping on a complete metric
space has a unique fixed point.

Proof. Let A be a contraction mapping with contraction constant «, on a complete metric space
(X,d). Take any point 29 € X and define the sequence {z,} in X recursively by

xn = A(xp—1), forneN.
Hence, we have
x1 = A(x), x9 = A%(x0), 3= A%x0), ..., xn=A"(x0).
We aim to prove that {z,} is a Cauchy sequence. Observe that for any integer k > 1,

d(xp, p—1) = d(A¥(20), A¥1(x0)) < ad(A¥ " (z0), AF"2(20)) < ..

< T Yd(A(xo), o).
For 1 < m < n, we find that

d(xnv xm) S d(xna xnfl) + d(xnflv ZL'n72) +...+ d(xm+17 xm)
<a" Yd(xy, xo) + " 2d(z1, 20) + ... + @™d(z1, 20)

a1+ a+a®+ ... +a" "™ d(xy, 20)

m

< —d
1-a (xlaxO)a

by the geometric series sum, since 0 < a < 1. As m approaches infinity, o approaches zero,

which implies d(x,, x,,) can be made arbitrarily small for sufficiently large m and n. Therefore,
{z,} is a Cauchy sequence. Because X is complete, there exists x = lim z,,.
To show x is a fixed point of A, observe that for any n,

0 < d(A(x),2) < d(A(x), Alen1)) + d(A(ea1),2) < ad(e, 2q1) + d(n, @),

which implies d(A(z), z) = 0 as n goes to infinity because d(z,, ) tends to zero. Hence, A(z) = «,
and x is a fixed point of A.
To prove uniqueness, suppose y is another fixed point such that A(y) = y. Then

d(x,y) = d(A(z), A(y)) < ad(z,y),

and since « < 1, this inequality holds only if d(x,y) = 0, i.e., x = y. Therefore, A has a unique
fixed point. O

Theorem 6.2 — Let A be a mapping on a complete metric space, and suppose that A™ is
a contraction for some integer n € N. Then A has a unique fixed point.

Proof. Let the metric space be X. According to the Fixed Point Theorem, the mapping A™ has
a unique fixed point z € X such that A"(z) = x. Observing that

A"(A(z)) = A (@) = A(A"(2)) = A(2),

we conclude that A(x) is also a fixed point of A™. Since A™ can have only one fixed point, it
must be that A(z) = x, and thus z is also a fixed point of A.
Now, any fixed point y of A is also a fixed point of A™ since

A'(y) = A" A(y) = A" Hy) = = A(y) = .

19
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It follows that x is the only fixed point of A, as any other fixed point y would also be a fixed
point of A™, contradicting the uniqueness of . O

§6.2 Applications of Fixed Point Theorem

Example 6.3. Let f be a function with domain [a, b] and range a subset of [a, b]. Suppose there
is some positive constant K < 1 such that

|f(z1) — f(z2)| < K21 — 32,

for any points x1, 22 € [a,b]. (Then f is said to satisfy a Lipschitz condition, with Lipschitz
constant K.) The Fixed Point Theorem assures us that the equation f(x) = x has a unique
solution for x in [a, b].

This is because f may be considered as a mapping from the metric space consisting of the
closed interval [a, b] with the natural metric into itself, and this metric space is complete because
it is a closed subspace of R (Theorem 2.7.3). Second, the Lipschitz condition, with 0 < K < 1,
states that this mapping f is a contraction. Hence f has a unique fixed point.

If f is a differentiable function on [a, b], with range a subset of [a, b], and if there is a constant
K such that

F@) <K <1,

for all z in [a,b], then again the equation f(z) = x has a unique solution for z in [a,b]. This
follows from the mean value theorem of differential calculus: for any x1,z3 € [a,b], with 1 < xa,
there is at least one point ¢, 1 < ¢ < 3, such that

[f(z1) = f@2)] = [f' () (@1 — @2)| = [ ()[Jw1 — 22| < Klay — o,

and so f satisfies the Lipschitz condition with constant K < 1.
As an example, consider the function f(x) = "”02’ L+ %, for 0 < x < 1. The given equation is

equivalent to the equation f(x) = z, so we seek information about the fixed points of f. The
domain and range of f is [0, 1], and we have

|f'(z)| = |5a* — 2| < Bat + 2 < E—|—1< 1
16 2
for all z in [0,1]. All the required conditions are met, so f has a single fixed point, which is the
required root of the original equation.
To find the root, we can iteratively apply f starting from xy = 0. The first three iterates are
x1 = f(0) = 0.25, x2 = f(0.25) ~ 0.2197, x5 = f(0.2197) ~ 0.2264, and the subsequent iterates
converge to the root, which to three decimal places, is 0.225.
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§7.1 Advanced Applications of Fixed Point Theorem

Example 7.1. Consider the system of n linear equations in n unknowns z1, xs, ..., z,, where
a;, and b; are real numbers for each j and k. Introducing the n x n matrix A = (a;) and the
column vectors x = (x1,2,...,2,)%, b= (b1,b2,...,b,)T, the system can be written in matrix
form as Az = b, and must be solved for x. Letting C' = (¢jx) be the matrix I — A, where I is the
n X n identity matrix, the equation may be written (I — C)xz = b, or

Cx+b=ux.

Considering the elements of R™ to be column vectors, we define a mapping M : R™ — R” by

Mz =Cx+b,

so that our matrix equation is replaced by the equation

Mx = x.

Hence the solutions of the original system are related to the fixed points of the mapping M.
Since R™ is a complete metric space, there will be just one solution if M is a contraction mapping.

Let y = (y1,92,---,yn)T and 2 = (21,22,...,2,)T be two points of R" and let d denote the
Euclidean metric:

Since My is the vector Cly + b, with j-th component Y ;_, ¢jryx + b; (for j =1,2,...,n), and
similarly for Mz, we have

n

n n 2
d(My, Mz) = (Z CikYr +b; — Z CikZk + bj)
k=1 k=1

Jj=1

n 2
( Cjk(yk—zk)>
j=1 \k=1
< () ()
j=1 \k=1 k=1

where the last inequality follows from the Cauchy-Schwarz inequality. Continuing from the
Cauchy-Schwarz inequality, Theorem 2.2.1, we have

|
_
3

d(My,Mz) < Z (Z C?k> d(y, z),
k=1

Jj=1

so certainly M will be a contraction if
n n
0«3 <1
j=1k=1

In terms of the original matrix A, this condition requires that a;; be near 0 when j # k and
near 1 when j = k.

Different sufficient conditions for M to be a contraction can be obtained by choosing different
metrics on the set R", as long as the resulting metric space is complete. We are totally free to

21



September 28, 2023 Real Analysis, Hanan Ather

take whichever metric best serves our purpose. For instance, with the metric d.., where

doo(y7 ) - 1r<nkax |yk - Zk'

we know that (R"™,dy,) is complete (Exercise 2.9(7)), and

chkyk +b; — chkzk + b;

doo(My,Mz) = [max.

= max
1<j<n

n
Z Cik(Yk — 2k)
k=1

< max Zmuyk—zu

f?,azzz ejil - max ly — 24

n
= gjagn]; lejk] - doo (9, 2),

so that M will be a contraction under this metric if

0< max. Z lejk| < 1,

that is, if the sums of the absolute values of the elements in the rows of C' are all less than 1 (and
C has at least one nonzero element).

A third condition is obtained in Exercise 3.5(3). It only takes one of these conditions for M to
be a contraction. The conditions to be satisfied to ensure the existence of the unique fixed point.

Once M is known to be a contraction, its fixed point can be found, at least approximately, by
iteration. If ¢ is any column vector, then we have successively

1= Mzxg = Cxg+0,
Ty =Mz =Cxy+b=C(Cxo+b)+b=C?29+Cb+,
JJ3:M$2=C$2+b203$0+02b+0b+b,

and so on, the sequence {x,} converging to the unique solution x of Az =b, where A =1 — C.
There are of course other tests for whether a system of linear equations has solutions, and other
methods of finding them. However, the above is very simple. The tests essentially require only the
operation of addition on the elements of C' or their squares, and, if either condition is satisfied, the
solution may be obtained to any desired degree of accuracy (subject to computational precision)
in terms of powers of C. There is no need to determine the rank, determinant or inverse of any
matrix. It must be realised, though, that we have only obtained sufficient conditions: if none of
the conditions is met, solutions may still exist.

As a simple example, consider the system of equations

16z — 3y +42 =717,
6x + Ty — 4z =4,
y+4z =15.
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Dividing the equations respectively by 16, 8 and 4 gives the equivalent system

xfi +1277

167 "1 16

3 +7 1 1

St L _

FTRY T Ty

1 " 15

— Z = —.

1Y 4

In the notation above, we have
1 -3 1 0 3 _1
16 4 16 4
3 7 1 3 1 1
A=li § 2], C=I-A=|-% 5 3 |,

0 1 1 0 -1 0

and we find that the sum of the squares of the elements of C' is %, less than 1, so our system
possesses a unique solution which may be found sufficiently.

Example 7.2. Our third application of the fixed point theorem is to prove an important theorem
on the existence of a solution to the first-order differential equation

dy

2= fwy) 1)

with initial condition y = yo when x = xg. The result is a form of Picard’s theorem.

Two conditions are imposed on f: first, f is continuous in some rectangle {(z,y) : |z — xo| <
a, |y — yo| < b}; second, f satisfies a Lipschitz condition on y, uniformly in z, in the rectangle.
The latter means that there is a positive constant K such that

|f($,y1)—f($,y2)‘ SIﬂyl_y2| (2)

for any = in [zo — a,x0 + a] and any y1,y2 in [yo — b,yo + b]. Since f is continuous in the
rectangle, it must be bounded there (see Section 1.9), so there is a positive constant M such that
[f(z,y)] < M.

Under these conditions, we will prove that there is a positive number h such that in [xq—h, z¢+h)
there is a unique solution to the differential equation.

Write the differential equation equivalently in integral form as

vo)=w+ [ ity 3)
o
incorporating the initial condition. Let h be a number satisfying
1 b
h>0, h<F, hSG/, hSM (4)

Denote by J the closed interval [xg — h, o + h| and write C[J] for C[zo — h,zo + h]. Let F be
the subset of C[J] consisting of continuous functions defined on J for which

ly(@) =yl <b, zed, yeCl] (5)

Referring to Figure 9, F' is the set of all continuous functions with graphs in the shaded
rectangle. Impose the uniform metric on F', so that F' becomes a subspace of the complete metric
space C[J].

We will show that F' is a closed subspace, so that, by Theorem 2.7.3, F is a complete metric
space. Let {y,} be a sequence of functions in F which, as a sequence in C[.J], converges. Write
y =limy, (soy € C[J]). By definition of the uniform metric, given € > 0 we can find a positive
integer N such that

max |y () — y(e)| <& 0> N, (6)
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Also, for each z € J and each n € N,

|y () = yol < b. (7)

Hence, for each x € J, and n > N,
ly(x) = yol < |y(#) — yn(@)| + [yn(z) — yo| < +b. (8)

But ¢ is arbitrary, so we must have
ly(z) —yol < b (9)

for all x € J. This shows that y € F, so F is a closed subspace of C[J].
Now define a mapping A on F by the equation Ay = z, where y € F' and

sa) =+ [ S®)d e (10)
xo
We will show that z € F and that A is a contraction mapping. Then the fixed point theorem will

imply that A has a unique fixed point. That is, we will have shown the existence of a unique
function y € F such that Ay =y, which means

) =+ | Cfye)dt, ze (1)

This will complete the proof of the existence on J of a unique solution of our differential
equation.

To show that z € F, we see that, for z € J,

|z(z) — yo| =

/f(t,y>dt]</ Ft.y)|dt < Ml — o] < MA < b,
xo o

Thus z € F (so A maps F into itself). To show that A is a contraction, take y, 7 € F. Set z = Ay,
z = Ag. Let d denote the uniform metric. Then, for x € J,

|2(z) — 2(2)| =

/ “(Flty) - f(t,?)))dt‘ </ ity - Fd)d < K / ") — (o)) e

]

< K. — () -z — 2| < i
< K -max|y(z) = §(2)| - |z — zo| < Khmax|y(z) - g(z)],
where max,cs |y(z) — g(z)| = d(y,y). Thus,
d(Ay, Aj) < ad(y,§),

where « = Kh. But 0 < a < 1 and so A is a contraction.

It is easy to check that this result may be applied successfully to, for example, the linear
first-order differential equation

dy

o+ P(z)y = Q(z), y(zo) = yo,

to ensure a unique solution in some interval about xg, provided the functions P and @ are
continuous.

An example of a differential equation where it cannot be applied is the equation

dy 1

—= =2ly|"2, y(0)=0.

7 = 2yl y(0)

It is impossible to satisfy the Lipschitz condition for small values of |y|: the inequality |[y1|"/? —
ly2|'/?| < K|y1 — yo| cannot hold for any constant K if we take y» = 0 and |y;| < 1/K2. In fact,
this equation has at least two solutions for x in any interval containing 0. These are the functions

24



25

defined by the equations

z2, z >0,
Y= 2
-z, x<0.

Example 7.3. The differential equation in (3) was considered by first transforming it into an
integral equation. We intend now to study two standard types of integral equations, in each case
obtaining conditions which ensure a unique solution.

(a) Any equation of the form

b
x(s) = )\/ k(s,t)z(t)dt + f(s), a<s<b,

involving two given functions k (of two variables) and f, an unknown function x, and a nonzero
constant A, is called a Fredholm integral equation (of the second kind).
Suppose f is continuous on the interval [a, b], and k is continuous on the square [a, b] X [a, b].
Then k is bounded: there exists a positive constant M so that, in the square, |k(s,t)| < M.
Take any continuous function z on [a, b] and define a mapping A on Cfa,b] by y = Az, where

b
v(s) = )\/ k(s,t)x(t)dt + f(s)

We will obtain a condition for A to be a contraction. Note in the first place that, since k, = and f
are continuous, so is y, and so indeed A maps the complete metric space C|a, b] into itself. Now,
if d denotes the uniform metric of Cla,b], and if y; = Az, yo = Az (z1,22 € Cla, b)), then

d(y1,y2) = Jax, ly1(s) — y2(s)]

= max
a<s<b

b
A/“Mawuxw—mu»ﬁ

b
guwggém@mmw—umw
< _ . _
< MG~ a) - mas, foa(s) — 22(s)

= [\ M (b — a)d(z1, z2),
and hence A is a contraction mapping provided

1

|A] < Mh—a)

Thus, provided the constant A\ satisfies this inequality, we are assured that the original Fredholm
integral equation has a unique solution. This solution may be found by iteration, taking any
function in Cfa, b] as starting point.

As an example, consider the equation

1 1
z(s) = 5/0 stx(t) dt + %

In the above notation, A = 3, a =0, b = 1, k(s,t) = st, f(s) = 3. For s,t € [0,1], we have
|k(s,t)| = st <1, so take M = 1. The inequality for A is satisfied, so a unique solution is assured.
To find it, let us take as starting point the function xzy where zg(s) =1, 0 < s < 1. Then we

obtain
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1 [173st . Bs _ 433s

ws) =5 | 3 T =
and we are led to suggest
2-6™"+1
Zn(s) = 2761—57 n € N.

This should be verified by mathematical induction. The solution of the integral equation is lim xz,,:
the function z, where x(s) =0 < s < 1.
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Recall: If {x,} is a sequence in a metric space (X, d) and ny < ng < ng < --- are integers, then
{zn,} is a subsequence of {z,}.

If limy, 00 Ty, = @ then lim,, o0 Tp, = « for any subsequence {z,, }. The converse is not true.
If {z,,} dn.c. limitx,, = z, then lim,_,- =, may not be z. Example: {x,}nen is given by:
2,3,3,5,4,5,. ..

However, we can saw the following:

Theorem 8.1 — In any metric space, a Cauchy sequence having a convergent subsequence
is itself convergent, with the same limit.

°If {xy, } is a Cauchy sequence and {zy } has a convergent subsequence {zn, } to a limit =, then limy, o0 Tn, =
x.

Proof. Let {z,} be a Cauchy sequence in metric space (X,d), and let {x,, } be a convergent
subsequence of {x,}. Set © = limy_, oo @y, be the limit of the convergent subsequence. Now for
any € > 0, there exists a K € N such that d(z,,,z) < %5 when k > K. As {x,} is a Cauchy
sequence, there exists N € N such that for all n,m > N, d(zp,Zm) < %5 when n,m > N. We
may assume that K > N. Which implies that ny > k > K > N and we have

1 1
d(xn, ) < d(Tp, Tn,) + d(Tn,, ) = 55 + 55 =¢

O

Before we introduced completeness because of the need to categorize those metric spaces which
have the propriety of Cauchy convergence for real numbers. In a similar way we now discuss
an other property: compactness. The Bolzano—Weierstrass theorem says that there exists a
convergent subsequence of any (real-valued) sequence, as long as it is bounded. This notions
leads us to our definition of compactness.

Definition 8.2 A subset of a metric space is a called sequentially compact if every sequence
in the subset has a convergent subsequence.

Theorem 8.3 — If a metric space is compact, then it is complete.

Proof. This follows directly from the previous theorem. A complete metric space is one in which
every Cauchy sequence is convergent. From the previous theorem we know if Cauchy sequence
has a convergent subsequence, it is convergent. And in the definition of compactness is every
sequence in the subset has a convergent subsequence. Therefore, every Cauchy sequence would
be convergent in this space. O

Remark: The converse of Theorem 4.1.5 is not true.
Ex: X =R is sequentially closed, but X is not sequentially compact.

Definition 8.4 Recall: S C X is bounded if
5(S) = sup{d(z,y);z,y € S} <o or S=0.

This is equivalent to saying that IM > 0 s.t. S C Bjs(zg) where By(xg) = {z €
X;d(z, o) < M} is the ball of radius M and center xg.

Theorem 8.5 — Let (X,d) be a metric space and S C X. If S is sequentially compact
then S is sequentially closed.
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Proof. Let {z,} be a sequence in S such that x = lim,_, 2, exists in X. We have to prove
that © € S. Since S is sequentially compact, there exists a subsequence {z,,} such that
y = limg_, o0 T, € S. But lim,,_,o 2, = . By uniqueness of the limit z = y. Hence z € S. O

Remark: The converse is not true.
Ex: X =R is sequentially closed, but X is not sequentially compact.
Recall (Definition 2.8.1), S C X is bounded if

6(S) = sup{d(z,y) | v,y € S} <
or S =0.

This is equivalent to saying that there exists M > 0 such that .S C Bjs(xg) for some zg € X,
where Bys(zo) = {z € X | d(z,20) < M} is the ball of radius M and center xo.

Theorem 8.6 — Every compact set in a metric space is bounded.

Proof. Suppose that S # (). Assume by contradiction that S is not bounded. The idea is to
construct a sequence {x} in S which does not have a convergent subsequence. Let x € S be
arbitrary. Note that it is impossible to have d(z,,z) < 1 Vz,, € S, since otherwise §(S) = 2
(by triangular inequality d(z,y) < d(x,2,) + d(zn,y) < 1+ 1 for all z,y € S). Hence, x5 € S
s.t. d(ze,z) > 1. Denote d; =1, and dy = dy + d(z2,z) = 1 + d(x2,x). It is impossible to have
d(z3,x) < dy Vxg € S since otherwise 6(S) < da, hence, Jzg € S s.t. d(zs,z) > d2. Denote
ds =di +d(zs,x) = 1+ d(x3, ). We continue in this manner. We construct the sequence {xy}
in S and the sequence {d,} in R such that

d(xp,x) >dp—1 and d, =di +d(xp,x) > dn1

for all n > 2, we have:

dn - dnfl

d 1 S d(l'n»x) S d(xn+1a x) + d(xn; xn+1) = d(anrhl') + (dn - ]-)

(by triangular inequality) Therefore, ¥n > 2,d(x,,zn+1) > 1 Hence, {x;} is not a Cauchy
sequence. Therefore, {x;} cannot have a convergent subsequence (since it cannot have any

Cauchy subsequence) This contradicts our assumption that S is sequentially compact.
O

Discussion about the case X = R. Recall: Theorem 1.7.11 (Bolzano-Weierstrass Theorem for

sequences) In R, any bounded sequence has a convergent subsequence.

Lemma 8.7 — A set S C R is sequentially compact if and only if it is sequentially closed
and bounded®.

%Discussion about the case X = R

Proof. By Th. 4.1.4 and 4.1.5, we only have to prove the ”if” part. Let S C R be sequentially
closed and bounded. Let {x,} be a sequence in S. Since S is bounded, {z,} is also bounded. By
Theorem 1.7.11, {x,,} has a convergent subsequence {z,, } to a limit x. Because S is sequentially
closed, z € S. This proves that S is sequentially compact. O

Theorem 8.8 — A subset of R™ is compact if and only if it is closed and bounded.

Proof. Omitted. Not required for class. O
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89.1 Compactness Theorems

e A set S C X is sequentially compact if for all sequences {x,,} C S there exists sub sequence
{zn, }x such that z,, =z € S ask — o0

e If x is a sequentially compact then it is complete
e If S C X is sequentially compact then S is sequentially closed.

o If S C X is sequentially compact the S is bounded

* Remark: A set S C X is bounded if and only if 3zg € X 3r > 0 such that
S C Br(zo) :={z € X;d(z,z0) <7}
e Suppose that S is bounded, i.e.
6(S) = sup{d(z, y)|z,y € S} < ©
(Assume that S # () Take xo € S arbitrarily. Then: Yz € S
d(z,z0) < 6(S) + 1 = n. This means that S C By (zo)

e Suppose that S C By (z0) for some zg € X and n > 0 Assume that S # 0. For any z,y € S, by
triangular inequality

d(z,y) < d(z,z0) + d(xo,y) < 2n. This proves that §(5) < 2n < oco.

§9.2 Arzela—Ascoli Theorem

Next we turn to the compact sets of C|a,b]. The motivation for the Arzela—Ascoli theorem is
that it gives us the necessary and sufficient conditions to decide weather every sequence of a
family real-valued continuous functions defined on a closed and bounded interval has uniformly
convergent subsequences.

Definition 9.1 Let F' be a family (or set) of functions, each with domain D.

e We say that F' is uniformly bounded on D if there is a positive number M such that
|f(z)] < M for all f e FandxeD.

e We say that F' is equicontinuous on D if, given any number ¢ > 0, there exists a
number 9§, for any f € F

|f(z") — f(z")] <&, whenever 2’,2"” € D and |2’ — 2| < §

Remark:

1. Note that (1) is equivalent to:

sup |f(z)| <M VfeF
zeD

This means that
A(£.0) = maxc |f(@) ~0(@)| <M ¥feF
x€|a,
which is the same thing as saying that

F C Bu+1(0)

This means that F' is uniformly bounded if and only if F' is bounded
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2. If F' is equicontinuous then f is uniformly continuous Vf € F'.

Example 9.2. Let f, : [0,1] = R, f,(x) = 2" for all n > 1 integer. Let F = {f,;n > 1}. We
claim that F' is NOT equicontinuous.

Proof. To see this, let € € (0,1) be arbitrary. We have to find § > 0 such that for all = € [0, 1]
with |1 — x| < 4, we have

1" —a"|=[1-2"|<e Vn>1 (Takez =1 in (2))
1
This would mean that 2" >1—eVn>1,ie, x> (1—¢)n VYn > 1.

1
Hence if > 1 —0 then z > (1 —¢)n Vn > 1.

This would be possible if and only if
1
1-6>({1—-¢e)n VYn>1,

1
which means that 1 — ¢ is larger than the limit of (1 — ¢)n as n approaches infinity, which
contradicts the fact that § > 0. O

Theorem 9.3 (Arzela—Ascoli theorem) — A subset F' of metric space C|a,b] is compact if F
is closed, uniformly bounded, and equicontinuous.

Proof. Omitted. Reading Material. O

A simple sufficinent condition for a family of functions to be equicontinuous is that all functions
of the family satisfy Liptschitz condition with the same Liptschitz constant. A family F' C Cla, b]
is equicontinious if 3K > 0 such that

|f(x) = f(')] < K|z — x|, Vaz,2’ €la,b], VfeF

§9.3 Application to approximation theory

Theorem 9.4 — Let A: X — Y be a continuous mapping between metric spaces X and Y,
and let S be a non-empty compact subset of X. Then the image A(S) is compact subset of
Y.

%This theorem basically says that image under continuous mapping of a compact set is again a compact set

Proof. Let {y,} be a sequence in A(S). For each n € N, there is at least one point w € S such
that Aw = y,. Choose one and call it z,,. Then z,, is a sequence in S and Az, = y,. Since S is
compact, {z,} has a convergent subsequence {z,, }, with limit . Then z € S, so Az € A(S).
Now, Ay, = Yn, and Az,, — Az since A is continuous, so {yn, } is a convergent subsequence of
{yn}. Hence, A(S) is compact. O

Theorem 9.5 — If f is a real-valued continuous function mapping on metric space X and
S is any nonempty compact set in X, then there exist points zp; and x,, in S such that

f@a) = max f() and  f(am) = min f(z)

Proof. By previous theorem, f(S) C R is a compact set (in R). And f(S) is sequentially closed
(in R) and bounded. From MAT-2125 we prove that sup f(S) € f(S) and inf f(S) C f(S) Hence
Fxmax € S s.t. sup f(S) = f(Tmax) and Fxpin € S s.t. inf f(S) = f(@min)- O
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§10.1 Application to approximation theory continued

Theorem 10.1 — Given a nonempty compact subset S of a metric space (X, d) and a point
x € X, there exists a point p € S such that d(p, z) is a minimum.

%The point p is called a best approzimation in S of the point = in X

Proof. Let us define f : X — R by f(y) = d(y, ), for any y € X. We show that f is continuous.
Let {y,} C X such that y, — y € X. Then

0 < |f(yn) = W) = |d(yn, z) — d(y, )| < d(yn,y)

due to the triangular inequality. Hence f(y,) — f(y). By Theorem 3.2, f attains its minimum,
so that there exists p € X for which f(p) = minyegs f(y). O

Remark: p is called the best approximation of x in S.

Example 10.2 (Application of Ascoli’s theorem). Consider a family F' of functions f defined as
f(z) = asinbz + ccosdz, 0<ax<m,

where the coefficients a, b, ¢, and d are chosen from a closed interval [—M, M].

First, observe that the functions in F are uniformly bounded. For any f in F' and any z in
[0, 7], we have:
[f(@)| < la] + |c] < 2M.

Additionally, the derivatives of functions in F' satisfy:
|f'(@)] < lab] + [ed] < 2M.

Thus, F' is equicontinuous.

Given this, the family F' can be treated as a subset of the continuous functions on the interval
[0, 7]. Due to its equicontinuity and boundedness, F is compact in this function space.

As a result, for any continuous function g defined on [0, 7], we can find a function within F' that
comes closest to g in the sense of minimizing the maximum deviation over the interval. Formally,
there exist values of a,b, ¢, and d in [—M, M] such that:

_ (asinb sd
Orgrljgw|g(x) (asinbz + ccosdx)|

is minimized. A function in F' achieving this minimal deviation is called a minimaz approximation
to g. It’s important to note that this approximating function might not be unique.

§10.2 Topological Spaces
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Definition 10.3 (Topological Spaces) A topology on a nonempty set X is a collection T of
subsets of X satisfying the following properties:

1. X € T and 0 € T (Property T1).

2. The union of any subcollection S of T belongs to 7. Formally, for any subcollection &
of T
U T eT (Property T2).
TeS

3. The intersection of any two sets 77 and 75 in 7 belongs to 7. Formally:

TyNTy €T whenever T1,To € T (Property T3).

The pair (X, 7) is called a topological space. The sets T in T are referred to as the open
sets in (X, T). A subset S of X is said to be closed in (X, T) if its complement, denoted by
X\ Sor~S,isan open set in (X,7).

Example 10.4 (Standard Topology on R). The most common topology on the real numbers is
the standard topology, which is generated by the open intervals. In this topology, a set U C R is
open if for every point € U, there exists an open interval (a,b) such that z € (a,b) C U.

Example 10.5 (Lower Limit Topology on R). Another example is the lower limit topology on R,
which is generated by the half-open intervals of the form [a,b). A set is open in this topology if it
can be expressed as a union of such half-open intervals.

Example 10.6 (Why Infinite Intersections Aren’t Always Open). While the arbitrary union of
open sets is open (by definition of a topology), the same isn’t true for infinite intersections. To
see why, consider the standard topology on R. Take the nested sequence of open intervals:

I, = <1,1), n=1,23,...
n n

The intersection of all these intervals is {0}, which is not an open set in the standard topology on
R. Hence, while each I, is open, their infinite intersection is not. This demonstrates the necessity
of the limitation in the definition of a topology that only finite intersections of open sets are
guaranteed to be open.

* Given any set X, there are two fundamental topologies: The discrete topology on X, denoted Tmax, is
the collection of all subsets of X. Formally,

Tmax - P(X)7

where P(X) represents the power set of X. In this topology, every subset of X is considered open. The
indiscrete topology or trivial topology on X, denoted Ti,in, consists of only the empty set and X itself.
Formally,

Tmin = {0, X}.
In this topology, no set other than the entire set and the empty set is considered open. Clearly, Tmax and
Tmin satisfy the properties of a topology, and as their names suggest, they represent the largest and smallest
collections of subsets of X that can be considered as topologies.
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Definition 10.7 (Weaker and Stronger Topologies) Given two topologies 71 and 7Tz on a set
X, if
T1 C Ta,

then 7; is said to be weaker (or coarser) than T, and T is said to be stronger (or finer)
than 7;. Given any topology 7 on X, it must hold that

7—min g T g Tmaxu

where T, is the indiscrete topology and Tnax is the discrete topology. Thus, among all
possible topologies on a set X, the indiscrete topology is always the weakest (or coarsest),
and the discrete topology is always the strongest (or finest).

Example 10.8 (Illustrative Example of Topologies on a Finite Set). Consider the set X =
{1,2,3,4,5} and the collections:

To={0, {1}, {2} {1,2}, X},

T2 = {0,{1},{2},{1,2},{1,2,3},{1,2,3,4}, X},
Ts = {@7{1}3{112}7{17273}7‘){}7

T =1{0,{1},{2},{1,2},{2,3,4}, X }.

It is evident that 7; and 73 are topologies on X. 77 is weaker than 75 since 71 C 75. On the
other hand, 73 is another topology for X that is weaker than 75 but is neither weaker nor stronger
than 77. For the topological space (X, 72), the closed sets are:

Xa {2a 3747 5}7 {173747 5}7 {374a 5}7 {47 5}7 {5} and @

The set {2, 3} is neither open nor closed in this topology. The interior of {2, 3} is {2} and its closure
is {2,3,4,5}. However, T4 is not a topology on X because the union {1} U{2,3,4} = {1,2,3,4}
is not an element of 7y, violating the property that arbitrary unions of open sets should remain
open.

Definition 10.9 (Interior and Closure in Topological Spaces) Let X be a topological space.

Interior: The interior of a subset S of X is the union of all open sets contained in S. It is
denoted by int(S) or S°.

Closure: The closure of a subset S of X is the intersection of all closed sets containing S.
It is denoted by cl(S) or S.

Every metric space has an associated topology, called the metric topology, derived from its
metric. This enables us to study metric spaces in the context of topological spaces.

33



October 16, 2023 Real Analysis, Hanan Ather

Definition 10.10 (Metric Topology in Metric Spaces) Let (X, d) be a metric space.

e Open Ball: For a point xy in X and a positive real number r, the set
{z:2z € X,d(z,z0) <r}

is called an open ball in X. It represents the set of all points in X that are less than r
distance away from xo. This set is denoted by b(xg,r) and is referred to as the open
ball with center xy and radius 7.

e Open Sets: A subset T of X is called open if T = ) or for every point in T, there
exists an open ball centered at that point which is completely contained in T'.

e Metric Topology: The metric topology 75 for X is the collection of all open sets,
as defined above. Thus, a subset T' of X is in 7y if and only if for each x in T', there
exists some radius r such that the open ball b(z,r) is a subset of T

%t can be shown that the collection 74 of open sets satisfies the properties of a topology, making (X, 73) a
topological space. By convention, when we refer to a metric space as a topological space, it is implied
that we are considering its associated metric topology.
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Recall that if (X, d) is a metric space, a set U is open if Vo € U, Je > 0 such that B(x,e¢) C U or
U=0o.
e Real Numbers R:
— Metric: d(z,y) = |z — y]
— Open ball: B(xg,€) = (xg — €, 20 + €)
— Example: For zp = 2 and € = 0.5, the open ball is B(2,0.5) = (1.5,2.5).

e Euclidean Plane R2:

— Open ball: Set of all points inside the circle of radius € centered at (zg,yo) without
the boundary.

— Example: For (zg,y0) = (1,2) and € = 1, the open ball is the interior of the circle of
radius 1 centered at (1, 2).
e Euclidean 3-space R3:

— Open ball: Set of all points inside the sphere of radius € centered at (xg, Yo, 2z0) without
the boundary.

— Example: For (zg,y0,20) = (1,2,3) and € = 1, the open ball is the interior of the
sphere of radius 1 centered at (1,2, 3).

e Continuous Functions Cla, b]:
— Metric: d(f,g) = sup,cpa |f(2) — g(z)]
— Open ball: Set of all functions g such that d(fo,g) < €.

— Example: Let fy(x) = z on [0,1]. The open ball of radius € = 0.5 centered at fy
contains functions g on [0, 1] with sup,¢p 1) |z — g(z)| < 0.5.

§11.1 Closed Sets

Recall: Let (X,d) be a metric space. A set S C X is said to be sequentially closed if for every
sequence {x,} in S that converges in X, we have lim,_, x, = = implies x € S. If (X, 7) is a
topological space, a set S C X is called closed if its complement S¢ in X is open.

Theorem 11.1 — Let (X,d) be a metric space and let 74 denote the metric topology
induced by d. A set S C X is closed in the metric topology if and only if it is sequentially
closed in X.

Proof. Only if part: Suppose that S C X is closed. We have to prove that S is sequentially
closed. Let {z,} be a sequence in S such that = lim,,_, @, exists. We want to show that
x € S. Suppose that x € S¢. Since S is closed, S¢ is open. Hence, Je > 0 such that B(z,€) C S°€.
Since z,, — x, there exists N € N such that z,, € B(z,¢) for all n > N. So z,, € S¢ Vn > N.
This is a contradiction since {,,} is a sequence in S. Recall that: z,, — = means that d(z,,z) — 0.
“ = 7 : Now suppose that S C X is sequentially closed. We have to prove that S is
closed, i.e., S¢ is open. Suppose that S¢ is not open. This means that there exists an = € S¢ such
that for all § > 0, B(x,d) € S¢. [Complete the proof] O

* Given a topological space (X, 7) it is not always possible to find a distance d on X such that 7 = 4. If
this is possible, we that 7 is metrizable.
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Definition 11.2 Let (X, 7) be a topological space.

(a) f € X and U C X is an open set such that x € U, then we say that U is a
neighbourhood of z.

(b) A point x € X is called a cluster point (or accumulation point) of a set S C X if every
neighbourhood U of z intersects S in at least one point other than z (when z € S).

(c) The set of all cluster points of S is called the derived set (or limit point set) of S and is
denoted by 5.

(d) A point z € X is called an adherent point of S if, for every neighbourhood U of z,
U NS # @. This implies that = can be either in S or not in 5.

2So, every cluster point is indeed a adherent (closure) point. However, not all closure points are cluster
points because a adherent (closure) point could be a point in S that doesn’t have other points from S
arbitrarily close to it.

Lemma 11.3 — Let (X, 7) be a topological space and S C X. Then z € S <= z is an
adherent point.

Proof. Complete the proof. Its pretty long. O

Lemma 11.4 — Let (X,7) be a topological space and S C X. Then z € S (where S is
the closure of S) if and only if  is an adherent point of S, where the closure S of S was
defined as follows:

S = ﬂ{F | F closed, F 2 S} (i.e., S is the smallest closed set which contains S)

Proof. (=) Suppose that = is an adherent point of S. We need to prove that z € S. By

contradiction, suppose that x € (5)¢. Note that
(8)° = J{F* | F closed, F 2 S} = |_J{U | U open,U C S}

by De Morgan’s laws. This means that there exists an open set U with U C S¢ such that x € U.
Hence U NS = (). This contradicts the definition of x being an adherent point of S; namely, we
were able to find a neighborhood U of z such that U NS = ().

(<) Suppose that z € S. We want to prove that z is an adherent point. By contradiction,
suppose that x is not an adherent point by contradiction, suppose that x is not an adherent point.
Then, there exists a neighborhood U of x such that U NS = (. Recall: U is open and = ¢ U.
UNS =0 is equivalent to saying that S C U¢ and U°€ is closed and contains S, hence S C U°.
From here, we deduce that U C S¢. Hence z € S¢ (since z € U). This is a contradiction. O
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Recall: (X, T) is a topological space, S C X.
e We say that x is a cluster point of S if (U \ {z}) NS # 0 for any neighborhood U of z.

e We say that z is an adherence point of S if U NS # () for any neighborhood U of x.

Lemma 12.1 — Assume that (X, d) is a metric space endowed with the metric topology.
Then z € X is an adherent point of S if and only if there is a sequence {z,,} in S such that
lim,, o0 T, = T.

Proof. a) Suppose that z is an adherent point. For any n > 1, there exists x,, € B(«, %) ns.
Then d(x,,z) < % for any n. So lim,, o0 T, = T.

b) Suppose that there exists a sequence {z,} in S such that lim,,_, . , = . We have to show
that = is an adherent point of S. Let U be a neighborhood of z. Then there exists ¢ > 0 such
that B(x,d) C U. Since z, — z, there exists N € N such that z, € B(z,d) for all n > N. So
z, €U NS for alln > N. Hence UN S # (. O O

§12.1 Closed Sets continued

Theorem 12.2 — A set S in a topological space is closed if and only if it contains cluster
points, that is S D S’

a5’ is the set of all cluster point i.e., the derived set

Proof. Prove this. O

§12.2 Compact Sets

In any metric space (X, d) containing at least two distinct points  and y, we can always find open
balls centered at x and y that are disjoint. For example, take the open balls B(x,r) and B(y,r),
with 7 < %d(ax,y). Not all topological spaces possess this property. However, this property is
fundamental for many analyses in topology. Spaces with this property are given a special name:
they are called Hausdorff spaces or T2 spaces.

Definition 12.3 (Compactness) A subset S of a topological space is said to be compact if
for every collection {U,} of open sets such that S C (J, U, (i.e., the union of the sets in

the collection contains S), there exists a finite sub-collection {Uy,, Ua,, - - -, Uq, } such that
S C Ui, Us,.
Theorem 12.4 (Equivalence of Compactness Theorem ) — Let (X,d) be a metric space.

Then, a subset S C X is compact if and only if it is sequentially compact.

Proof. Omitted. O

Definition 12.5 (Hausdorff Space) A topological space (X, T) is called a Hausdorff space,
and T is called a Hausdorff topology, if for every pair of distinct points z,y € X, there exists
a neighbourhood U, of  and a neighbourhood U, of y such that U, N U, = 0.

In essence, a space X is termed Hausdorff when any two distinct points within it can be
enclosed by non-overlapping neighbourhoods. It’s established that all metric spaces possess this
Hausdorff property. Likewise, any set endowed with the discrete topology, denoted as Tax, is also
Hausdorff. In contrast, the indiscrete topology, Tmin, doesn’t meet the Hausdorff criterion unless
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it’s defined over a set with a single point or none. Amidst the diverse spectrum of topological
properties, the Hausdorff characteristic stands out as a fundamental trait shared by numerous,
albeit not all, topological spaces.

Lemma 12.6 (Metric Spaces are Hausdorff) — Let (X, d) be a metric space, and let 74 be
the topology induced by d. Then, the topological space (X, 74) is a Hausdorff space.

Proof. Let x,y € X be distinct points. Since d(z,y) > 0, we can choose € = @. Consider the
open balls B(z, €) and B(y,¢€). Clearly, © € B(x,¢) and y € B(y,€). Moreover, B(x, €) and B(y, €)
are disjoint because for any point z in their intersection, we would have d(z, z) < € and d(y, z) < e,
which contradicts the triangle inequality. Thus, we have found disjoint open neighborhoods for z
and y, and so (X, 74) is Hausdorff. O

Theorem 12.7 (Compact Sets in Hausdorff Spaces) — Let (X, 7) be a Hausdorff topological
space. Then, every compact subset K of X is closed.

Proof. To show that K is closed, it suffices to show that its complement X \ K is open. Let
z € X \ K. For each y € K, since (X, 7) is Hausdorff, there exist open sets U, and V,, such that
z €Uy, yeV, and U, NV, = 0. The collection {V,} forms an open cover for K. Since K is
compact, there exists a finite subcollection {V,,,V,,,...,V,, } that covers K. Let U = N}_,U,,.
Then, U is an open set containing = that does not intersect K. Hence, X \ K is open, and K is
closed. O

Theorem 12.8 (Heine-Borel Theorem) — Let S C R. The subset S is compact in R with
the standard topology if and only if S is both closed and bounded.

Proof. (=) Direction: Suppose S is compact.

e Boundedness: If S were not bounded, for each n € N, pick z,, € S such that |z,| > n. This
would produce a sequence without a convergent subsequence in S, which contradicts the
compactness of S.

e (Closedness: Let (x,) be a sequence in S that converges to z. Since S is compact, the
sequence has a convergent subsequence that also converges to x. Thus, x must be in S,
implying S is closed.

(<) Direction: Suppose S is both closed and bounded. By Bolzano-Weierstrass, any sequence
in S has a convergent subsequence. Since S is closed, the limit of this subsequence also lies in S.
Hence, S is compact by the sequential characterization of compactness. O

§12.3 Continuity in Topological spaces

In calculus, we typically define continuity in terms of limits and the behavior of functions on
the real numbers. However, in the broader setting of topological spaces, we use the open set
definition, which captures the essence of continuity in a more general setting.

Definition 12.9 (Sequential Continuity in Metric Spaces) Let (X, d) and (Y,d’) be two metric
spaces. A function f : X — Y is said to be sequentially continuous at a point x € X if
for every sequence {z,} in X that converges to z (i.e., x, — = as n — ), the sequence
{f(z,)} in Y converges to f(x) (i.e., f(z,) — f(z) as n — oco.

Definition 12.10 (Continuity on R) Let f : R — R be a function and let ¢ be a point in its
domain. The function f is said to be continuous at ¢ if, for every € > 0, there exists a § > 0
such that, for all z in R satisfying 0 < |z — ¢| < §, we have |f(z) — f(c)| < e.

The function f is said to be continuous on R if it is continuous at every point ¢ in its
domain.
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Definition 12.11 Let (X, 7) be a topological space.

(a) We say that a sequence {z,,} in X converges to a limit z € X if for any neighbourhood
U of z, there exists N € N such that z,, € U for all n > N.

(b) Let (Y, T’) be another topological space and f: X — Y. We say that f is sequentially
continuous at z € X if, for every sequence {z,} C X such that z, — x, we have

flan) = f(2).
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8§13 November 2, 2023

§13.1 Continuous functions in topological spaces
Let (X,Y), (Y,Y’) be topological spaces; A: X =Y.
e A is necessary continuous if for every sequence z,, — x in X then Az, — Az inY.

e A is continuous at x if for every neighborhood V of Az there exists a neighborhood U of z
such that if y € U then Ay € V.

(Recall: f:R — R is continuous at z if for every € > 0 there exists 6 > 0 such that if y —z| < §

then |f(y) — f(z)| <e.)!

Theorem 13.1 — Let A be a function from the topological space X to the topological
space Y. The following statements are considered equivalent:

1. A is continuous over X.
2. The preimage of every open set in Y under A is an open set in X.

3. The preimage of every closed set in Y under A is a closed set in X.

P T‘OOf. + The equivalence of these statements offers an alternative definition of continuity: a function is
continuous if the preimage of every open set in the codomain is an open set in the domain. The proof follows
the logical sequence: (1) = (2) = (3) = (2) = (1). To demonstrate that statement 1 implies statement 2,
assume that A is continuous and consider any open set 7" in Y. For any element z in X such that Az is in
T, there exists a neighborhood around x that is completely contained within the preimage of T' under A. As
a result, this preimage is a union of open sets and therefore open itself. To show that statement 2 implies
statement 3, start with a closed set S in Y, so the complement of S is open. By assumption, its preimage
under A is open in X, which implies that the preimage of S is closed in X. To conclude that statement 3
implies statement 2, use a similar argument by interchanging the roles of open and closed sets. Finally, to
confirm that statement 2 implies statement 1, take any point  in X and a neighborhood V of Az in Y.
The preimage of V' is an open set that contains z, establishing the continuity of A at x.

(a) = (b) Let T be an open set in Y. Since A is continuous at z, for any x € X, there exists
a neighborhood U, of @ such that U, C A~Y(T). Claim: {J, .y U, = A~*(T)

Hence, A=1(T) is an open set, since it is the union of open sets.

(b) = (a) Let z € X be arbitrary and V a neighborhood of Az. Then by (b), A=Y(V) is
open in X. Moreover, Az € V and so x € A~1(V). So, A=1(V) is a neighborhood of x. Take
U=A"YV). Clearly, U C A~}(V), and A is continuous.

(b) = (c) Let S be a closed subset in Y. Then S¢ is an open set in Y. By (b), A=(S°) is
open in X.

Recall: Theorem 5.4.2 (a): A=1(S¢) = [A71(S)]¢

In our case, A=1(S¢) = [A71(S)]¢ is open. Hence, A71(S) is closed.

(c¢) = (b) Same argument as for (b) = (c), swapping the words ”closed” and ”open”. O

Theorem 13.2 — Let (X, 7) and (Y, 7") be topological spaces, and let A: X — Y. If A is
continuous on X, then A is sequentially continuous.

Proof. Let x € X and {z,} be a sequence in X such that z, — z. We need to prove that
Ax, — Ax. Let V be a neighborhood of Az. By the continuity of A, A=1(V) is an open set in
X containing x, which means that z € A=*(V).

Hence, A=1(V) is a neighborhood of x. Since x,, — z, there exists N € N such that x,, € A=1(V)
for all n > N. This means that Ax, € V for all n > N. Thus, Az, — Azx. O

'Remark: (1) says U C A~} (V) ={z € X;Az € V}.
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Theorem 13.3 — Let (X,d) and (Y,d’) be metric spaces, and A : X — Y. If A is
sequentially continuous on X, then A is continuous on X.

Proof. Let x € X be arbitrary, y = Az and V a neighborhood of y. Since Y is endowed with
the metric topology, V' is open in this topology, which means that there exists € > 0 such that
B,(y,e) C V.

Suppose that A is not continuous at z. Then there isno § > 0 such that B, (z,d) C A~ (By(y, <))
(because if there exists such a &, then B, (z,0) C A~ (By,(y,e)) = A~(V) and then A would be
continuous at ).

This means that for all e > 0, B,(z,e) € A~Y(B,(y,¢)) (i.e., there exists z. € B,(x,¢) and

e & A7 (By(y, ).
Take § = 1 and denote z5 = z1 € By(z,1) and x5 ¢ A~'(By(y,£)). This means that

‘n
d(z,z5) < % for all n > 1. Hence x5 — x. Since A is sequentially continuous, Azxs — Ax = y.
This means that there exists N € N such that Az; € By(y,e) for all n > N. Therefore
x5 € A7Y(By(y,¢)) for all n > N. This is a contradiction.
Hence, A must be continuous at z. O

§13.2 Normed Vector Spaces

Definition 13.4 A vector space over a field F' (where F =R or F = C) is a set X # )
together with two binary operations:

e +: X x X — X which maps (z,y) to z + y,
e - : F'x X — X which maps («, z) to az,
such that the following properties hold:
1. Associativity of addition: (z+y)+z=x+ (y+ 2) for all z,y,2z € X
2. Commutativity of addition: x +y =y + =
3. Identity element of addition: There exists 0 € X such that  + 0 = z for all x

4. Inverse elements of addition: For every z € X there exists —z € X such that
x4+ (—z)=0

5. Compatibility of scalar multiplication with field multiplication: a(bz) = (ab)x for all
a,be Fand z € X

6. Identity element of scalar multiplication: There exists 1 € F' such that 1-x = « for all
x

7. Distributivity of scalar multiplication with respect to vector addition: a(z+y) = az+ay
foralla € F, x,y € X

8. Distributivity of scalar multiplication with respect to field addition: (a4 b)z = ax + bz
foralla,be F,z € X

Definition 13.5 A normed vector space (or simply normed space) is a vector space together
with a map || - || : X — [0, 00), called a norm, that the following properties hold:

(N1) ||z|| =0 if and only if x = 0.
(N2) |laz| = |a| - [|z| for all a € F, z € X.

(N3) (Triangular inequality) ||z + y| < ||z|| + ||y|| for all z,y € X.

Remark 13.6. If (X, ||-]|) is a normed space, then (X, d) is a metric space, where d(z,y) = ||z—yl|,
properties (M1) to (M3) hold:
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(M1) d(z,y) = 0 if and only if 2 = y (clear due to (N1)).
(M2) d(z,y) = ||z —yll = [ly — =] = d(y, z).
(M3) d(z,2) < [z =yl + [ly — 2[| = d(=z,y) + d(y, ).
A ball in a normed space is:
B(x,e) = {y € X;[ly — 2|l <}
Example 13.7. Examples of normed spaces include:
e X = R" with the Buclidean norm ||z = (X7, |z:[?)?.

o X = C™ with the maximum norm ||z|/cc = max;=1,.._, |;].

=

e X = (P for p > 1 with the ¢¥ norm ||z, = (3o, |z:|?)

Remark 13.8. Question: If (X, d) is a metric space, does it imply we have a norm ||z|| on X
such that d(x,y) = ||z — y|| for all 2,y € X? No.

Suggestion: Take ||z| = d(z,0) and check properties (M1)—(M3). (M1) clearly holds.
(M2): If ||az|| = d(az,0), we don’t know if this is equal to |a|d(z, 0).

Normed spaces are contained in the set of metric spaces, which in turn are contained in the set
of topological spaces.

Example 13.9. Example of a metric space that is not a normed space: Let X = (2 =
{o={2;}2, |z € C,3°:2, |@i|> < oo}. Then £2 is a normed space with the norm |z|| =

N|=
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§14.1 Normed Spaces
Example 14.1. For X = R", the norm is defined as

El
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[]=
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For X = (2, the norm is given by

-

ol = @ W) N

For X = C|[a,b], we have several norms:

e The uniform norm: ||z|| = maxejqp) |[2(t)].

e The L' norm: ||y = [ |a(t)|dt.
1
e The L? norm for p > 1: [jz|, = (f; |x(t)|pdt) "

§14.2 Convergence in Normed Spaces

A sequence {z,} in a normed space (X, || - ||) converges to x € X if

Ve > 0 3N € N such that ||z, —z| <& ¥n > N.

A sequence {z,} is Cauchy if

Ve > 0 3N € N such that ||z, — x| <& Vn,m > N.

Remark 14.2. Observation: If {z,} is convergent then {z,} is Cauchy.

Definition 14.3 A Banach space is a complete normed space.

Recall: ”Complete” means that every Cauchy sequence is convergent.
Examples:

e R™ with Euclidean norm are Banach spaces.
e (2 is a Banach space.
e C'a,b] with uniform norm is a Banach space.

Remark 14.4. If X is a normed space and A : X — X is a map, then A is a contraction if there
exists a € (0,1) such that:

[Az — Ay|| < aflz —yl| Vi,y € X.

* A contraction is a continuous map: if z, — x then Az, — Az sequentially because |Az, — Az| <
a|lzn — x| — 0.
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Theorem 14.5 (Fixed Point Theorem) — Let (X, || - ||) be a Banach space. If A: X — X is
a contraction, then there is a unique x € X such that Az = x.

Let (X,] - ||) be a normed space. A subset S C X is sequentially compact if for every sequence
{x,} C S there is a convergent subsequence {z,, } whose limit x is also in S.?
A subset S C X is compact if every covering of S has a finite subcover.

(a) If S is compact then S is closed (Th 5.3.3).
(b) S is compact if and only if S is sequentially compact (Th 5.3.3).

(c) If S is sequentially compact then S is bounded (Th 4.1.5).

Definition 14.6 Let (X, || - ||) be a normed space and a sequence {x;} C X.

1. We say that the series )~ | @), converges if the partial sum sequence {d ;| i} -,
converges to a limit z € X. In this case, we say that x is the sum of the series and we
write Y poq Tk = T.

2. We say that the series ) 7o, z) converges absolutely if the series > 7=, |lz|l (of
non-negative real numbers) converges.

Theorem 14.7 (Theorem from MAT 2125) — If X =R and Y ;- ) converges absolutely,
then >~ @) converges.

Remark 14.8. Observation: The converse may not be true.

Theorem 14.9 — Let (X, | - ||) be a normed space. Then X is a Banach space if and only
if every absolutely convergent series in X is convergent.

Proof. “Only If” Part: Suppose that X is a Banach space. We have to prove that every
absolutely convergent series is convergent. Let Y, , z; be an absolutely convergent series in
X. By definition, > .2, ||zx| converges in R. Hence the partial sum sequence {S,}, where
Sp=>p_y llzkl, converges to a limit S € R.
Then {S,} is a Cauchy sequence in R, i.e., Ve > 0 3N € N such that |S,, — S| <& Vn,m > N.
Note that for any n > m > N,

n

k=m-+1

s0 Sy > Sy. Let x, = Y70 xp. Then x, — x,, = Y, _, . T, and so, by the triangular

inequality,
n

len 2l < 3 llanl = Su— S <
k=m+1

for all n > m > N. This proves that {z,} is a Cauchy sequence in X. Since X is a Banach space,
{x,,} is convergent. Hence, the series Y -,z is convergent.

“If” Part: Suppose that every absolutely convergent series in X is convergent. We have to prove
that X is a Banach space. Let {x,} be a Cauchy sequence in X. We will use the following result:
Theorem : Let (X, d) be a metric space, if {z,} is a Cauchy sequence in X with a convergent
subsequence {x,, } with limit x, then z,, — x as n — oo.

Since {z,} is Cauchy, for every € > 0, there exists N € N such that ||z, — 2| <& Vn,m > N.
Take ¢ = 2% for k € N and let N}, = Nz%' We may assume that N3 < Ny < N3 < .... Choose

25 may not be a vector subspace of X.
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arbitrary integers ny < ny < ng < ... with ny > Ny, for all k € N. Then ||z,, — @y, || < 35, due
to the inequality applied to € = 5. Hence Y7, ||#n, — @n,,, || < 0o. This proves that the series
> o1 (@n, — Tn,,,) is absolutely convergent.

By hypothesis, this series is convergent. Let S, = >} (zn, — Tn,,,) be the partial sum
sequence of the series. We prove that {S,,} converges to a limit A € X. Therefore, x,,,6 =
(n,, — Tny) + Tn, = Sm + Xy, converges as m — 0o to S + z,,. This means that {z,, } is a
convergent subsequence of {z,}. By the aforementioned theorem, we infer that {x,} converges.
Hence X is a Banach space. 0

Corollary 14.10

Let (X, || - ||) be a normed space. Then X is not complete if and only if there exists an
absolutely convergent series which is not convergent.

Example 14.11. Consider X = C|[0, 2] endowed with the L' norm: ||z||; = f02 |z(t)|dt. Define
the function fi(t) as:

1-Y ifo<t<2
Fult) = 2 = ; for t € [0, 2]

<
0, if 2 <t<

The series Y- | fx is absolutely convergent with respect to || - [|1, but not convergent.
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§15 November 9, 2023

§15.1 Homeomorphisms

Definition 15.1 (Homeomorphism) Let X and Y be topological spaces. A function f: X — Y
is called a homeomorphism if it satisfies the following conditions:

1. f is a bijection (one-to-one and onto).
2. f is continuous.

3. The inverse function f~!:Y — X is also continuous.

If such a function f exists, then X and Y are said to be homeomorphic.

Recall: A bijection is a function that is both one-to-one and onto, and it always possesses an
inverse function. Therefore, there exists a one-to-one correspondence between the points of two
spaces if they are homeomorphic. Furthermore, since continuous mappings have the property
that the inverse images of open sets are open, and both a homeomorphism and its inverse are
continuous, it follows that there is also a one-to-one correspondence between the open sets of the
two homeomorphic spaces.

For these reasons, in topology, two spaces that are homeomorphic are considered to be essentially
identical. This is because homeomorphisms preserve the topological structure of spaces, meaning
that the properties that are purely topological (like connectedness, compactness, continuity, etc.)
are invariant under homeomorphisms.

Definition 15.2 A property P is called a topological property if the fact that P holds in
a topological space (X, 7 ) implies that P holds in any topological space (Y,7"’) which is
homeomorphic to (X, 7).

* A topological property is a feature of a space that is preserved under homeomorphisms. In other words, it
is a property shared by all topological spaces that are homeomorphic to each other. These properties are
intrinsic to the space’s structure, irrespective of how the space is embedded or represented in a larger space.

Topological properties are fundamental to the study of topology, which can be thought of as the
examination of properties that remain invariant under continuous deformations (like stretching,
bending, but not tearing or gluing). This is why topology is sometimes colloquially referred to as
‘rubber sheet geometry’. In this analogy, a topological space can be envisioned as drawn on a
rubber sheet, where homeomorphic transformations are akin to stretching or bending the sheet
without tearing or cutting it.

For instance, compactness is a topological property because if one space is compact, any space
homeomorphic to it is also compact. However, completeness, which is often considered in the
context of metric spaces, is not a topological property. This is evident from the fact that there
are homeomorphic metric spaces where one is complete and the other is not. 3

Example 15.3 (Completeness is not a topological property.). The function A : [1,00) — (0,1]
defined by A(z) = % is a homeomorphism between [1,00) and (0,1]. Both spaces [1,00) and
(0, 1] are endowed with the standard distance d(z,y) = |z — y|. This distance induces the metric
topologies T and T respectively, where:

e X =[1,00) is endowed with topology T.
e Y =(0,1] is endowed with topology T”.

e The space [1,00) is complete: any Cauchy sequence is convergent within the space.

3A classic example of this concept is the topological equivalence of a circle and an ellipse, or a circle and a
rectangle. Despite their different geometric shapes, from a topological perspective, they are identical because
they can be transformed into one another through continuous deformation without tearing or gluing.
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e The space (0, 1] is not complete: the sequence {%}neN is a Cauchy sequence in (0, 1], but
it does not converge within (0, 1].

* A function is non-injective (not 1-to-1) if different elements in the domain map to the same element in
the codomain. Here are two examples:

1. The squaring function f : R — R, defined by f(z) = x2, is not injective because f(1) = f(—1) = 1.

2. The sine function g : R — [—1, 1], defined by g(z) = sin(z), is not injective since g(z) = g(z + 27) for
all z € R.

Theorem 15.4 — Let A: X — Y be a continuous mapping between topological spaces X
and Y, and let S be a compact subset of X. Then A(S) is a compact subset of Y.

Proof. For the proof, let V be an open covering of A(S). Since A is continuous, A~1(V) is an open
set in X, for each V € V. We will show that U = {A=1(V) : V € V} is an open covering of S. If
x € S, then Az € A(S) so that Az € V for some V € V. Thenz € A~1(V). So indeed U is an open
covering of S. Since S is compact, there is a finite subcovering {A=1(V;), A= (Va),..., A1 (V,,)},
say, chosen from U. If y € A(S), then y = Ax for some z € S, and z € A~1(V},) for some
k=1,2,...,n. Then Az =y € Vi. This shows that {V1,Vs,...,V,} is a finite subcovering of
A(S), chosen from V. Hence A(S) is compact. O

Theorem 15.5 (Compact-Hausdorff Homeomorphism) — Let (X, 7) and (Y, 7”) be topological
spaces. Assume that:

e X is compact,

e Y is Hausdorff, i.e., Vz,y € Y there exist neighbourhoods U of  and V of y such that
unv =40.

If A: X — Y is a continuous bijection, then A is a homeomorphism.

Proof. We have to show that A~1 is continuous, i.e., (A7™1)"Y(T) € T for any T € T. Recall
A71:Y — X (by Theorem 5.5.1). Let T C X be an open set. We have to prove that A(T) is
open in Y. Then T is a closed set in X. Moreover, since T° is a subset of X, which is compact
by our hypothesis, by Lemma 1, T¢ is compact. By Theorem 5.5.2, A(T¢) is compact in Y.
Recall Theorem 5.3.3: In a Hausdorff space, any compact set is closed. Since Y is Hausdorff,
by Theorem 5.5.2, A(T°) is closed in Y. Hence ~ A(T°), which is A(T), is open in Y. This is
because A is a bijection, i.e., A(T)¢ = A(T*). Use Theorem 5.4.2(d), which states that for any
function f, we have f~1(D)¢ = f=1(D¢). We apply this theorem with f = A=! and D = T°.
This proves that A(T') is open. O

Lemma 15.6 (Closed Subset Compactness) — In any topological space (X, T), any closed
subset of a compact set is compact.

Proof. Let S C X be a compact set and T' C S be a closed set. We have to prove that T is
compact. Let V be an open covering of T, i.e.,

TC U V and V eV.
Vevy

Note that
S=SxX=TUT®= ( U V)UTC,
Vvey

where T° is the complement of T in S and is open since T is closed. So V U {T°} is an open
covering of S. Since S is compact, there exists a finite subcovering {77, ...,T,} of S, chosen from
YV U{T°}. We have two cases:
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a) If the list 71, ..., T, does not include T°, then T; € V for ¢ = 1,...,n and
rcsc |
i=1

so {T1,...,T,} is a finite subcovering of T', with sets chosen from V.

b) If T¢ =T, for some i =1,...,n, say T¢ = T,,, then

n—1
TCSC (UTZ)UTC,
i=1
which implies that

n—1
TC ( U Ti)%
=1

so {T,...,Tn—1} is a finite subcovering of T, with sets chosen from V.
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§16.1 Connectedness

Definition 16.1 (Disjoint) Two sets A and B are said to be disjoint if AN B = (. We
sometimes write A U B for the union of A and B when these sets are disjoint. So the
statement ‘X = AU B’ means that X = AU B and AN B = 0.

Definition 16.2 (Separation, connected, disconnected) Let (X, 7) be a topological space.

a) A separation (or partition) of a subset S C X is a pair (T1,T53) of nonempty, disjoint
open sets in X such that:

(1) TlﬂS7é®andTgﬁS7§(/),
(i) S=(MinS)u(TnS) @

b) A set S is disconnected if it has a separation.

c) A set S is connected if it has no separation.

eS8 C Ty UTs and Th NI, NS =0.

(a) Assume S = X. Then a separation of X is a pair (T1,7T%) of disjoint open sets such that
X=TyUTy, T, # 0, Ty # (). X is connected if it cannot be written as X = T} U Ty with
Ty, T» open, disjoint, non-empty. Note that T = T is a closed set (since it is the complement
of an open set) and 7o = T is a closed set. X is disconnected < there exists a subset T} of
X which is both open and closed (hence Ty = T¥; then X = Ty UTy). X is connected < ()
and X are the only subsets of X which are both open and closed.

(b) In any topological space (X, 7T ), {} is connected, for any = € X.

Theorem 16.3 (Continuous Image Connectedness Theorem) — Let A : X — Y be a
continuous mapping between topological spaces. If S is a connected subset of X then A(S)
is a connected subset of Y.

Proof. To prove this, suppose there exists a separation (T7,75) of A(S). Then we will show that
(S1,52), where S; = A71(T1) and Sy = A71(T3), is a separation of S, contradicting the fact
that S is connected. Certainly, S; and S are open sets in X, since 17 and T3 are open in Y
and A is continuous. If x € S} N Sy, then we easily see that Az € Ty NTy. But Ty NT, = 0, so
S1 NSy = 0. We know that T3 N A(S) # 0. Take any point y € 71 N A(S) and say y = Az. Then
r€ A YT) =81 and x € S, s0 S NS # ), and similarly So NS # (. Finally, suppose = € S,
so that Az € A(S) = (T1 N A(S)) U (Tx N A(S)). If Az € T1 N A(S) then x € A~H(Ty N A(S)) =
A=YTy) N AY(A(S)), by Theorem 5.4.2(c). In particular, z € A=}(Ty) = Si,s0x € S; N S. If
Az € T, N A(S), then we proceed similarly, and conclude that z € (51 N.S) U (Se N S), so that
S C(S1NS)U(S2NS). The reverse inclusion is obvious, so S = (51 N S) U (S2N.S). We have
shown that (S, S2) is a separation of S, as required. O

§16.2 Finite-dimensional normed vector spaces
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Definition 16.4 (Vector Space Terminology) Let V' be a vector space over the field F (where
F=Ror F=C), and let {vy,v,...,v,} be a subset of V.

(a) A linear combination of vy, vs, ..., v, is a vector = of the form:
n
z =Y agv,
k=1
where a1, as9,...,a, € F. The scalars oy, are called the coefficients of v, for k =
1,2,....n.
(b) The set {v1,va,...,v,} is linearly independent if the only scalars oy, o, ..., a, for
which
n
Z AV = 0
k=1
are a3 = @y = - -+ = a,, = 0. If there exists a non-trivial combination (i.e., not all

are zero) that sums to the zero vector, then the set is linearly dependent.

(¢) The span of {v1,va,...,v,}, denoted by Sp{vi,va,...,v,}, is the set of all linear
combinations of vy, vs,...,v, and is a subspace of V called the subspace spanned (or
generated) by vy, va, ..., Up.

(d) The set {v1,va,...,v,} is a basis for V if it is linearly independent and spans V| i.e.,
Sp{v1,va,...,v,} = V. The vector space V is then said to be finite-dimensional with
dimenston n. If there does not exist any finite set that is a basis for V', then V is
infinite-dimensional.

Example 16.5. Consider the vector space V = R™. The k-th standard basis vector is denoted by
ex and is defined as the vector in R™ that has a 1 in the k-th position and 0’s elsewhere, that is,

er = (0,...,0,1,0,...,0),

where the 1 is in the k-th position. The set of vectors {ey,...,e,}, where each ¢ is a standard
basis vector, forms a basis for V. This set is linearly independent, and every vector in V' can
be uniquely expressed as a linear combination of these basis vectors. Therefore, {ej,...,e,} is
called the standard basis of R"™.

Theorem 16.6 (Infinite-Dimensional Subspace Theorem) — A vector space is infinite-
dimensional if it has an infinite-dimensional subspace.

Proof. Let W be an infinite-dimensional subspace of a vector space V', and suppose that V is
finite-dimensional, with dimension n, say. By what was just said, there exists a set of n linearly
independent vectors in W, which, since they belong also to V', must be a basis for V. Every
vector in V', which includes all those in W, is expressible as a linear combination of these basis
vectors, so they span W. Hence that set of n vectors is also a basis for W, contradicting the fact
that W is infinite-dimensional. O

Proposition 16.7. Cla, b] is infinite-dimensional.

Proof. The space Pla,b] of polynomial functions defined on [a, ] is infinite-dimensional. To see
this, suppose by contradiction that {vy,...,v,} is a basis for P[a,b]. Let K = max{deg(v;) | i =
1,...,n}, where deg(v;) is the degree of polynomial v;. Then any polynomial with degree larger
than K cannot be written as a linear combination of vy,...,v,. This contradicts the fact that
{v1,...,v,} is a basis for P[a,b]. So P[a,b] is infinite-dimensional. By Theorem 1.11.4, C[a, b] is
infinite-dimensional, since Pla,b] is a subspace of Cla, b]. O
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Theorem 16.8 — The map || - ||c : V — Ry, given by

n
lz|lee = e |ag|, where x = Zakvk ev,
k=1

is anorm on V.

Proof. We need to check axioms (N1)—(N3) in the definition of a normed space. Since {v1,...,v,}

is a basis of V, || - || is well-defined (since the ay, are uniquely determined). For z = Y"7'_ | ayvg,

we clearly have z = 0 if and only if (ag = 0Vk) if and only if ||z = 0. So (N1) is satisfied.
Now, for any scalar «, we have

n
E aak

= max |aak| = |a] max |ag| = |af - ||z co-

llo]loe = 1<k<n 1<k<n

o

Thus, (N2) is satisfied.
Finally, we must prove the triangle inequality. Let y = 22:1 Brvr be a second vector in V.
For k=1,...,n, we have

log + Br| < oue| + Bkl < Jmax. |ak| + max |[Bg| = [|z]| + [|lyl|.

1<k<n
Therefore,
n
2+ ylloo = ;(ak + Br)vk . = max Jag + fil < fl2lleo + [Ylloc-
So (N3) is satisfied. O
Theorem 16.9 — Convergence in a finite-dimensional vector space with the norm || - ||

is equivalent to componentwise convergence. In other words, if {z,,} is a sequence in a
finite-dimensional vector space with this norm, and x,, = ZZ:1 kU, then

{zm}oo_q converges <= {amk too_; converges for each k = 1,2,...,n.

(Here the convergence of {amr}5°_; isin R or C.)

Proof. Suppose T, — x, with = Y, v Then for all € > 0, there exists an N > 0 such
that
m>N = ||z;m — Tl = max |amr — x| < e.

1<k<n
Therefore, for each k =1,...,n,
m>N = |amr — x| <e.

Thus, {amk}o°_; converges to ay, for each k =1,2,...,n.
Now suppose that for each k =1,2,...,n, the sequence {ami }5°_; converges to, say, ai. Then
foralle >0 and k= 1,2,...,n, there exists an Ny such that

m> N = |ami — ag| <e.
Let N = max{Ny,...,N,} and . = Y, _; ayvg. Then

m>N = |z, — $€||0071mka§ | — ag| < e.

Thus {,,} converges to . O
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§17.1 Finite Dimensional Subspaces

Let V be a vector space of dimension n over a field, and let {vy,...,v,} be a basis for V. For
any vector x € V, represented uniquely as x = ZZ:1 vk, we define the oo-norm (or maximum
norm) of x as

|lzlloe = max [ayl,

1<k<n
where «y, are the coefficients of x in the basis {v1,...,v,}.
Lemma 17.1 — If ||z,, —2|| = 0 < amr — a; for all k = 1,..,n. Here z,, =

n n
Y k1 OmkVk and T =), 0gUg

Lemma 17.2 — Let V be a vector space of dimension n over a field, with a basis {vy, ..., v, }.
Consider the sequences {z,,} and {z} in V, where ., = >_;_; amivr and & = > _; apvy.
Then, under the co-norm || - ||, the sequence {z,,} converges to z (i.e., ||z — 2||cc — 0)

if and only if for each k from 1 to n, the sequence of coefficients {a,} converges to oy (i.e.,
Ok — Ozk). @

%This lemma states that in a finite-dimensional vector space with a specific basis, for a sequence of vectors
to converge to a given vector under the co-norm, it is necessary and sufficient that the sequence of each
individual coefficient (associated with the basis vectors) of these vectors converges to the corresponding
coefficient of the limit vector.

This convergence behavior is directly related to the nature of the co-norm, which focuses on the
maximum absolute value among the coefficients of the vector representation.

Theorem 17.3 — Let V be a vector space of dimension n. Consider the set
Q=AzeV||lzlle <1}

Then, @Q is a compact set in V' (when V is equipped with the oco-norm).

Proof. Not required for final
We assume V' is a complex vector space (the case of a real vector space is almost identical). We
prove the result by induction on the dimension n of V. First suppose that n = 1 and that {v} is
a basis of V. Let

Z={a€eClla|l <1} = Bc(0,1),

which we know is compact in C (it is a closed and bounded subset of C, which is the same as R?

topologically). Define

A:Z =V, Av=av.
Then A(Z) = By(0,1). Since the continuous image of a compact set is compact (Theorem 4.4.7),
it suffices to show that A is continuous. Suppose {a,,} is a sequence in Z converging to a € Z.

Then
|Aar, — Aalls = ||[(am — a)v]|oo = |am — a] = 0.

Hence Aa,, — Aa and so A is continuous.

Now assume the proposition is true for n < h — 1 for some h > 1. We want to show that it is

true for n = h. Let
B; = By(0,1)

when n =4, ¢ € N;. So our inductive assumption is that B,, is compact for n < h — 1 and we
wish to show that Bj, is compact.
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Let {x.,} be a sequence in By, and let

h
Im = E A ;U5
Jj=1

for m € N;. The sequence {a,1v1}59_ is a sequence in By, which is compact. Therefore, it has
a convergent subsequence {auk, v1}52,. So

o0

h
E :amk,jvj
7=2 k=1
is a subsequence of {z,,} such that the sequence of coefficients of v converges. Then

oo

h
E Ak, jVj (5.1)
J=2 k=1
is a sequence in Span{vs, ..., vy}, which is a vector space of dimension h — 1. Since, for k € N,
h
k. iV7 = max |omkr.i| < max |omkr.il = |Tmk <1
D | = g o] < i, | = lloms e < 1
j=

oo

it is a sequence in By,_;. Since Bj_; is compact by the inductive hypothesis, the sequence (5.1)
has a convergent subsequence. By Theorem 5.3.2, this subsequence converges componentwise.
Therefore the corresponding subsequence of {z,,} also converges componentwise (since we had

already chosen a subsequence in which the first component converged) and hence converges.
O

Definition 17.4 (Equivalent Norms) Two norms || - ||; and || - ||2 on a vector space V are said
to be equivalent if there exist constants a,b > 0 such that for all x € V|
al|z|ly < [|zfl2 < bl|2||2-

This means that the two norms are equivalent if they induce the same topology on V, i.e., a
sequence converges in one norm if and only if it converges in the other.

Theorem 17.5 (Equivalence of Norms in Finite-Dimensional Spaces) — In any finite-
dimensional vector space V, any two norms || - ||, and || - ||, are equivalent. That is,
there exist positive constants ¢ and C' such that for all vectors x € V,

clzlla < [lzfly < Cf|2]la-

%This implies that all norms on a finite-dimensional vector space induce the same topological structure,
meaning that notions of convergence, continuity, and compactness are the same under any norm.

Proof. We will only prove that any norm || - || for our vector space V is equivalent to the norm
Il - |oo- That is, we will show that there exist positive numbers a and b such that

allzfloe < |z < bl|2 0o

for any € V. This readily implies the theorem, but the details are left as an exercise.
In Theorem 6.5.1, we showed that the subset Q = {x : ||z|lcc < 1} of V is compact. It is
another simple exercise to use this fact, in conjunction with Exercise 4.5(3), to conclude that the
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set Q' = {z:||z]lcc =1} in V is also compact. On any normed space, the norm is a continuous
mapping (Exercise 6.4(3)(c)) so we may invoke Theorem 4.3.2 to ensure the existence of points
xzpr and z,, in Q' such that

lrasl| = maxlzfl, lom]l = min flz].

Thus || || < |lz]| < ||zl for all z € Q'. Also, since ||Zm||cc = 1, we cannot have z,,, = 0, so
||z:m|| > 0. For any nonzero vector € V, we have

1 1

x
[2lloo ™ ll#lloo

z€Q.

Hence, for x # 0,
1

|2/ 0o

lem]| < H || < enll

We thus have
[zmllllzlloo < N2l < lznmllll2]loo,

or
allzfoo < [z < bl oo,

where a = ||@,,|| > 0 and b = ||z ||, and this is clearly true also when z = 0. Hence the norms
II-|| and || - ||co are equivalent. O

Theorem 17.6 (Finite-Dimensional Spaces are Banach Spaces) — Every finite-dimensional
normed vector space is a Banach space. That is, if V' is a vector space of finite dimension n
equipped with any norm || - ||, then V' is complete with respect to this norm. In other words,
every Cauchy sequence in V' converges to an element in V.

Proof. Let V be a finite-dimensional vector space with basis {v1,...,v,}. By Theorem 6.5.3, all
norms are equivalent. So, it is enough to prove that (V)| - || ) is a Banach space. Let {x,,} be a
Cauchy sequence in V' with respect to || - ||oc. Then

n
T = E QiU With o, scalars.
k=1

For any € > 0, there exists NV € N such that
|zm — 2] < € for all m,j > N.
Note that @m, — 2; = > p_ | CmkVk — 2 opey QkUk = O pq (Qmr — )k, and hence
lzm — zjllco = 1I§nka%{n |amr — aji] < € for all m, j > N.
This means that for all £k =1,...,n fixed,

|ome — aji] < € for all m, j > N.

Hence, {@mk }men is a Cauchy sequence in F (where F = R or F = C). Since F is complete, there
exists ay € F such that

A —> o asm — oo, for k=1,...,n.
By Lemma 1, we have that z,, — = in (V, || - ||oo) where z = >"}'_ | ayvy. Hence {z,,} converges
in (V, |- |leo). This proves that (V, || - [|«) is a complete space. O

This theorem is significant because it ensures that many of the convenient properties of finite-
dimensional spaces (like R™) hold more generally in any space with a finite number of dimensions,
regardless of the specific norm used. It’s a fundamental difference between finite-dimensional and

o4



55

infinite-dimensional spaces, where completeness is not guaranteed and depends heavily on the
chosen norm.

Next theorem is a key result in the context of finite-dimensional normed vector spaces. It
connects the concepts of compactness, sequential closedness, and boundedness.

Theorem 17.7 — Let S be a subset of a finite-dimensional normed vector space V. Then
S is compact if and only if it is sequentially closed and bounded.

This theorem is a variation of the Heine-Borel theorem, adapted to the language of sequential
closedness. In finite-dimensional spaces, the concepts of closed and bounded sets and sequentially
closed sets are often interchangeable in terms of leading to compactness, which is one of the
fundamental distinctions between finite and infinite-dimensional spaces.

§17.2 Approximation Theory

Let (X, d) be a metric space, and let S C X be a compact subset. For any point z € X, there
exists a point p € S such that
d(p, x) = mind(y, z),
yeS

which means p is the closest point in S to z, or the best approximation of x in S.

Theorem 17.8 — Let (X,]| - ||) be a normed vector space, and let S C X be a finite-
dimensional subspace of X. For a fixed point # € X, and assuming S # (), there exists a
point p € S such that

llp = 2|| = min ly — =],

which means p is the closest point in S to z, and is called the best approximation of x in S.

Proposition 17.9. Let f be a function in C]0, 1], the space of continuous functions on the
interval [0, 1], and let r be an integer greater than 1. Then, there exists a polynomial p of degree
less than r such that

lp = fII = min [lg — £
where || f|| = max;cjo,1) | f(t)| and S, is the set of all polynomials of degree less than r.

The theorem essentially states that for any continuous function on [0, 1], there exists a polynomial
of degree less than r that is the best approximation of f in the uniform norm, among all polynomials
of degree less than r. This is a fundamental result in approximation theory and is related to the
Weierstrass approximation theorem.
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Theorem 18.1 (6.6.1) — Let X be a normed vector space and S C X a finite-dimensional
subspace, S # @. Fix z € X. Then there exists p € S such that

lp — =l = min [ly — =|.

Proof. Let pg € S be arbitrary. We consider the following subset of S:
V={yeSlly—z| <lpo— =}

We claim that Y # @. Assume that Y = @. Then ||y — x| > ||po — z|| for all y € S which is a
contradiction since pg € S. Thus, there exists p € Y such that

lp — || = min |y — ||

To prove that Y is compact, we need to show that Y is closed and bounded. Recall from
Theorem 6.5.5 that a subset of any finite-dimensional vector space is compact if it is closed and
bounded.

Y is closed: Let {y;} C Y be such that y; — y. We have to prove that y € Y. For any € > 0,
there exists N such that for all &k > N,

Iy — 2|l < llpo — [l +e.

Since ¢ is arbitrary, we must have ||y — z|| < [|po — z||. Hence y € Y.
Y is bounded: For ally € Y,

Iyl = lly — 2+ 2l < lly — 2l + llz]l < llpo — || + [l=] := M.

Hence Y C B(0, M) where B(0, M) is the closed ball centered at the origin with radius M.

By Theorem 4.3.3, Y is compact. Therefore, the set Y is closed and bounded, and by the
previous argument, contains the point p which minimizes the distance to x. This completes the
proof. O

Definition 18.2 (6.6.2) A normed vector space X is strictly convex if the equation
o +yll = llzll + [yl

holds only when z = Sy for some § > 0 and z,y € X \ {0}.

Note: If z = By then

Iz +yll =18y +yll = (8 + Dyl = (B8 + Dllyll = Bllyll + llyll = ll=ll + [lyll-

This illustrates that in a strictly convex space, the triangle inequality becomes
an equality if and only if the vectors are linearly dependent and pointing in the
same direction.

a) The space Cla, b] endowed with the norm

.
111 = ( / |f<t>2dt>

is strictly convex (see Exercise 6.10.(5), Assignment 4).
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b) The space C|[a,b] endowed with the uniform norm

If]l = max [£(#)]

te(a,b]
is not strictly convex.
Here is an example: let f(t) = bt and g(t) = t2 for t € [a,b]. Assume 0 < a < b.

| f]l = max |bt| =b- max t = b?
t€la,b] t€[a,b]

= 2| = b2
lgll tgl[gfg]l |
If +gll = mex bt + ¢*| = . t(b+t)| = b* +b° = 20> = || f|| + ||l

Hence, condition (2) holds. But f # Sg for some 8 > 0.

Theorem 18.3 (6.6.3) — Let X be a strictly convex normed vector space, and S C X a
finite-dimensional subspace, S # @. Fix € X. Then, there exists a unique p € S such that

lp — =l = min [ly — =]

Proof. Case 1: x € S. Then minyes ||y — z|| = ||z — z|| = 0, so the minimum is achieved for
p = x, which is unique.

Case 2: ¢ ¢ S. The existence of p is given by Theorem 6.6.1. Assume that there exists another
point p’ € S such that

/— = — = 1 — ::d_
Ip" =l = llp — || = min |y — |

Now, since S is a vector space, %(p +p') €S and
1 1 1 1 1
d<|lz = 5P+ )l = 5llz = pll + Sz =Pl < 5llz = pll + S lle =Pl = d

Hence ||z — 3(p+ /)| = d so 3(p+p') is also a best approximation of . (This averaging process
can be continued indefinitely to show the existence of infinitely many best approximations in a
normed space once there are two different best approximations.) It follows that

1 w1 1 )
lz = 5@ +2)l = 5lle =l + Sz =P,

from which, since X is strictly convex,
z—p=p-7p)

for some number 5 > 0. If 8 # 1, we get

v=—p- Lp’

1-p7 1-p""
This is impossible since it represents = as belonging to the vector space S, whereas x € S. So we
must have 8 = 1. Thus p = p’ and we have proved that the best approximation is unique. O
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Definition 19.1 Let X,Y be normed vector spaces and S C X a subset. Amap A: S —Y
is uniformly continuous on S if for every € > 0 there exists a § > 0 such that

|Az" — Ax"|| < e for all 2’, 2" € S with ||z’ — 2| < 4.

Theorem 19.2 — Let X,Y be normed vector spaces and S C X a compact subset of X,
S#0. If A: S — Y is continuous on S, then A is also uniformly continuous.

Proof. Suppose that A is not uniformly continuous on S. This means that there is some number
e > 0 such that, regardless of the value of §, there are points ',z € S with ||z’ — 2| < § but
for which ||Az’ — Az"|| > €. Take 6 = 1/n, for n =1,2,... in turn, and for each n let z/,, !/ be
points in S (known to exist by our supposition) such that

1
|zl — 2| < - and || Azl — Az!|| > e.

As S is compact, the sequence {x7,} has a convergent subsequence {7, }, with limit z, say.
Take any number 7 > 0. There exists a positive integer K such that ||z}, — z| < 1/2 when
k > K. We may suppose K > 2/n for such k, n > k > 2/n and

1 7
zy, — x| < llay, — a5, |+ |2, — =] < o +5<m

so that {z], } is a convergent subsequence of {z] }, also with limit z. Further, the sequence
Az, Axy  Ax;, Az ... inY must converge with limit Az. Hence there is an integer N such

that, when £ > N,

| Az, — Aal, || < [| Az, — Aa|| + |[Af, — Ax|| < 3+ =,

and this gives us a contradiction. Thus A is indeed uniformly continuous on S. O

Corollary 19.3

Let X be a finite-dimensional normed vector space, and S C X be a closed and bounded
subset of X. Let Y be a normed vector space and A : S — Y. If A is continuous on S then
A is also uniformly continuous on S.

Proof. By Theorem 6.5.5, S is compact. The conclusion follows from Theorem 6.8.2. O

§19.1 The Weierstrass approximation theorem

Theorem 19.4 (Weierstrass Approximation Theorem) — For any f € C[0,1] and for any
€ > 0, there exists a polynomial p such that

lp—fll <e ie. |pz)— f(z)|<e Vxel01].

Recall: || f|| = max,¢[o,1) |f()| is the uniform norm on C10, 1].

Proof. We define Bernstein polynomial for f, of degree n, by:
Py(x) = zn: MY r(E) ok = pynt
" — k n
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Then

and

10 - 2l = Y150 - £ (1)1 ()0 -0

Since f is continuous on a compact interval, f is uniformly continuous. Let ¢ > 0 be arbitrary.

Then 36 > 0 s.t.

1f(2') — F(z")| < g for all 2/, 2" € [0,1] with |2/ —2”| <& (6)

Fix = € [0,1]. Consider

g

k
51:{k6{0,17...,n} ’n—x

k
<(5}, SQ:{kG{O,l,...,nH'n—x
Clearly S; U Ss ={0,1,...,n} and S; N Se = &. Note that:

k €
If k € Sy then |f(x) — f - |<§dueto(6)

1t ke S then [£a) — £ (£) 1< 1760 = 1O+ 17 (£) = 70 < 217l

Coming back to (5), we obtain:

@) -Pael < ¥ 1)1 (£) (’;)xku_@n—m; @1 (5) 1 (7)o

keS,

<53 ()era-ar sl ¥ (F)ata-am* o

k€S keS2

For the first sum, we use:

k;I(ZD 1-a)" ki() (1—az)" k=1

For the second sum, we use:

1 1 n
k=0
(1l —x)
- 8
Returning to (7), we get:
€ z(1—x)
7@) = Pala)| £ 5 142 e - )
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For any € > 0 fixed, there exists N € N such that

2 fle - L)

52 ; for all n > N.

Hence, for all n > N,

(@) = Pal@)| < 5+ 5 =<
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§20.1 Bounded Linear Mappings
Definition 20.1 (Linear map) Let X and Y be vector spaces. A map A : X — Y is linear if

A(a121 + agxs) = g Axy + asAzs, Vag,as € F Vo, ze € X.

Definition 20.2 (Bounded map) Let X and Y be normed vector spaces. A map A: X — Y
is bounded if there exists K > 0 such that

Az < Kllz|, VzeX.

Observation: A function f: X — R is bounded if there exists K > 0 such that

[f(@)| <K, VzeX.

Definition 20.3 (Operator) Let X and Y be normed vector spaces. A map A : X — Y which
is linear and bounded is called an operator.

Theorem 20.4 — Let X and Y be normed vector spaces and A : X — Y be a linear map.
If A is continuous at zg € X, then A is continuous on X.

Proof. Let z, € X be arbitrary. Let {z,} be a sequence in X s.t. , — z. Then z,, —z — 0
and hence z,, — x + ¢ — xo. Since A is continuous at xzg, A(z, — x + 2¢) — Azg (sequentially).

By linearity of A, A(z, — x + x¢) = Az, — Az + Axgy. Hence Ax,, — Az — 0, i.e., Az,, — Ax.
Hence A is (sequentially) continuous at x. O

Theorem 20.5 — Let X and Y be normed vector spaces. Let A : X — Y be a linear map.
Then A is continuous on X if and only if A is bounded.

Proof. (=) Suppose that A is bounded, i.e., there exists K > 0 such that
[Az]| < K|lz|, VzeX. (1)

Let z, € X be arbitrary and {z,} be a sequence in X with z,, — z. Let € > 0 be arbitrary.
Then there exists N such that if n > N, ||z, — z|| < e. Then

Az, — Az| = |A(zn — z)|| < K|z, — || < Ke, foralln> N,

which proves that Az, — Az, i.e., A is continuous at x. By Theorem 2.1, A is continuous on X.

(<) Assume that A is continuous on X. We want to prove that A is bounded. Suppose
by contradiction that A is not bounded; this means that VK > 0 there exists x; € X s.t.
|Azk|| > K||zk||. We apply this for K =n € N. Then we find z,, € X s.t.

|Azy| > n||x,||, forallneN.

Note that since A is linear, A0 = 0 because A0 = A(x — ) = Az — Az = 0. Hence z,, # 0, and
therefore ||z,|| # 0, using (V). Define

1

Yn = 7 —7Tn-
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Then
1 1
Ayn =A Tn | = Az,
n|z, | n|z, ||
and . N
[ Ayn| = H nl| = lAza]l 1, for all n.

n|zn| |zl

On the other hand,
1 1
lynll = = — — 0, hence y, — 0.
n||2n|| n

Since A is continuous, Ay, — A0 = 0, hence there exists N s.t. ||Ay,| < 1 for all n > N. This is
a contradiction. O

Example 20.6. example of an operator on a normed space X is the mapping A defined by
Ax = Bz, x€ X,
for some fixed scalar 5. It is indeed linear, since
Al + agza) = Bz + aszs) = a1 Az + agAzs,
for x1,x9 € X, scalars ay, . And it is bounded, since
[ Az|| = ||Bz]| = | 8]z

so ||Az| < K||z|| for some constant K (such as |3] or any larger number). If 5 =1, A is the
identity operator or unit operator on X and is denoted by I. Thus I maps every element of X
into itself. If 5 =0, A is called the zero operator on X and maps every element of X into 6.

Example 20.7. For a second example, we take the mapping A : C[a, b] — Cla,b] defined by the
equation Az =y where

b
y(s) = )\/ k(s,t)x(t)dt, x€ Cla,b], a<s<b.

Here, k is a function of two variables, which is continuous in the square [a,b] X [a,b], and A is a
given nonzero real number. The mapping A is linear, since, for z1,z9 € C|a, b], scalars a1, as,
and any s € [a,b],

b
(A(arx1 + asxs))(s) = /\/ k(s,t)(arz1(t) + agxa(t)) dt

- ozl)\/bk(s,t)xl(t) dt + ozz)\/bk(s,t)xg(t) dt

= (o Az1)(5) + (o Axy)(s);

that is, A(a121 + aexs) = ayAxy + asAxs. Also, A is bounded. To see this, let M be a positive
constant such that |k(s,t)| < M for (s,t) in the square. Then

/kst

b
<IN, [ k(s O)la(0)]

14z = llyll = max |y(s)| = max,

< AIM max |o(t)] - (b—a)

= [AIM (b — a)l|z].-
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Thus, for K = |A\|M (b — a), say, we have ||Az| < K||z| for all z € C[a,b], so A is bounded. This
verifies that A is indeed an operator.
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§21 December 4, 2023

§21.1 Norm of operators

Theorem 21.1 — Let X and Y be normed vector spaces, and A : X — Y an operator. Let

a =inf{K > 0; |Az| < K||z||,Vz € X},
b = sup{||Az||;z € X,z # 0},

[[Az||
¢ = supq T iz € X, ||z|| = 1},

d = sup{[|Az|;z € X, |[z]| < 1}.

Then:
(a) [|Az| < allz||,Vz € X,
(b) a=b=c=d.

Proof. Recall (MAT 2125): If S C R and a = inf S, then:
ea<zgforalxzel
e For every € > 0 there exists x. € S such that a <z, <a+¢

In our case, S = {k > 0| ||[Az| < k||z|| for all z € X}. Let g9 be arbitrary. By the definition
above, k. € S such that a < k. < a+e.

k. € S means that |Az| < k.||z|| for all x € X. Hence, for any = € X fixed, ||Az| < (a + ¢)||z|
for all € > 0. Letting ¢ — 0, we obtain: ||Az|| < a|z]|.

We will show that a < b < ¢ < d < a by definition, b > ||Az|| for all z € X,z # 0. So ||A|| < b for
all z # 0. Hence, b € S and || Az|| < k||z| for all x € X and therefore b > a, by property a) of
the inf given above.

Fix x € X,z # 0. Then lA]| < ¢, and since this is true for any x € X,z # 0, we infer that b < c.

fl]l
Here we use the fact that if & < ¢ for all z, then supS <c (S CR).
Here we use the fact that if S; C S C R then sup Sy < sup Sz. In our case, S; = {||Az|| | z €
X, ||lz|| =1} and Sp = {||Az|| | z € X, ||z|| < 1}, hence sup S; = ¢ < sup Sy = d.
By a), for any vector z € X with ||z|| < 1, we have ||Az|| < a||z|| < a. Taking the supremum over
all such z, we obtain d < a. Therefore, a < b<c<d<a,and thusa=b=c=dand X is a
normed space with ||A] = a. O

Definition 21.2 Let A : X — Y be an operator between normed vector spaces X and Y.
The norm of A is:

|A| = inf{k > 0| ||Az|| < k|jz|| for all z € X} (=a in Th 7.2.1)

Theorem 21.3 — Let B(X,Y) be the set of all operators A : X — Y, where X and Y
are normed vector spaces. Then B(X,Y) is a vector space, equipped with the following

operations:
(A1 + Ag)x = Ajz + Asx forallz € X

(aA)x = aAx foralla eF,z e X

Proof: Exercise: Check that the 8 axioms of Definition 1.1.1 are satisfied.

Remark 21.4. By Theorem 7.2.1 a), || Az| < ||All|jz|| for all z € X (2).
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Example 21.5. Let A: X — X be given by Az = fz for some § € F. Then
[A]l = sup{[|Az|| | x € X, [|lz|| = 1} = sup{|Bz| | z € X, ||z[| = 1} = [B]

Use the fact that a = cin Th 7.2.1.
In particular, if 5 = 1, we obtain the identity operator I : A — A given by Iz = z, and ||| = 1.

Theorem 21.6 — B(X,Y) with the operator norm || - || is a normed vector space.

Proof. We prove the three properties.
(M1): If A =0 then clearly |A|| = 0 since ||Az|| = ||0z|| = 0 Vz.

Assume that [|A]] = 0. Note that 0 = ||A]| = sup { Azl | 0 e X, 2 £ 0}. Hence H’?H =0

lll

for all x € X,z # 0. This means that ||Az| = 0, and hence Az = 0 for all © € X,z # 0.
Clearly A0 = 0. Hence A = 0.

o (M2): |(aA)z|| = |laAz| = |a|||Az| < |alkljz|| Yo € X,z # 0 (assuming o # 0 and
A # 0). Hence ||aAd]| < |af||A]l. We want to prove that |aAl > |a|||A]|. Let z € X be
arbitrary. Then [aAz| = [a™ (ad)z|| < |a™!|[(ed)z]| < a7 - |al[|All|z] = [[A][l] for

all z. Hence, ||aA| < |al||A] so ||aA|l = |al||A].

o (M3): [[(A1+Az)z|| = A1z + Asz|| < || Arz|[ + [[Aoz|| < [|A[l[|]| + [|Az]l[|]| for all z € X
Here A;, As # 0 so that Ay + As # 0. This proves that ||A; + As| < [|4A4]] + || A2]|-
So, B(X,Y) is a normed vector space. O

Theorem 21.7 — If Y is a Banach space, then B(X,Y’) is also a Banach space.

Proof. We use Theorem 6.2.2 (from textbook): we show that every absolutely convergent series
in B(X,Y) is convergent.
Let Y .2 A; be an absolutely convergent series in B(X,Y). This means that Y -, |4
converges in R. For x € X, define
n
Yn = Z A;x.
i=1

Let € > 0 be arbitrary. Since {} ;" [|A:[|}22, is a Cauchy sequence, there exists N € N such
that for n >m > N,

n m n
DIl =D 1Al =] Y 4l <e
i=1 i=1 i=m+1
Note that for n > m > N,
n n n
lyn —ymll = || D Aiw| < > Azl < D NAdlllell < el
i=m+1 i=m+1 i=m+1

This proves that {y,} is a Cauchy sequence in Y. Since Y is a Banach space, lim,, oo ¥, exists
inY.

Basically, y = > oo, A;z. We define A: X — Y by setting Az = y. Note that A is linear and
bounded, which is left as an exercise.

Finally, we show that A =Y. A; in B(X,Y), ie. > | A; - Ain B(X,Y). Let £ > 0 be
arbitrary. Recall that there exists NV € N such that for n > N,

A=) Al <e.
=1

This shows (4). O
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